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Oh me! Oh life! of the questions of these recurring,
Of the endless trains of the faithless, of cities fill’d with the foolish,
Of myself forever reproaching myself, (for who more foolish than I, and who more faithless?)
Of eyes that vainly crave the light, of the objects mean, of the struggle ever renew’d,
Of the poor results of all, of the plodding and sordid crowds I see around me,
Of the empty and useless years of the rest, with the rest me intertwined,
The question, O me! so sad, recurring - What good amid these, O me, O life?

Answer.
That you are here - that life exists and identity,
That the powerful play goes on, and you may contribute a verse.

Walt Whitman
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Abstract

Single-elimination tournaments are a popular type of tournament among sports, more
specifically in tennis. Despite the current state-of-the-art procedures prevent seeded play-
ers - or highest rated opponents - from matching in early rounds, match repetitions among
other players are possible, even in tournaments very close in terms of time. Therefore,
the allocation process for non-seeded players plays a fundamental role in avoiding match
repetitions and in increasing the diversity of matches.
The thesis develops a methodology for enforcing fairness in single-elimination tennis tour-
naments in terms of a reduction of match repetitions in consecutive different tournaments,
without significantly altering the draw procedure. The considered tournament allocation
problem amounts to solving a clustering problem by means of mathematical program-
ming. Several results and solutions are provided for real-life instances related to Grand
Slams in 2017 by exploiting the potential of an Integer Programming solver. Moreover,
a greedy approach to generate quantitatively good solutions is presented, along with two
heuristics. Full tournament simulations are performed to assess the quality of presented
methodologies. Among the results, appreciable improvements are obtained for both the
expected number of match repetitions and a related measure of fairness. Benchmarks
between heuristics, the greedy algorithm, and the optimal solutions are presented. An
important outcome is related to the quality of solutions built with the greedy algorithm.
Some techniques of data visualization are implemented to highlight the obtained results.
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Chapter 1

Introduction and drivers

1.1 Single-elimination and fairness

The single-elimination - or sudden-death - is a type of tournament in which the loser of
each match is directly eliminated from the game, while the winner moves on to the next
round. The tournament ends when a �nal match between the last two players results in a
winner, which is the tournament champion. Sudden-death is a common type of elimina-
tion tournament in sports such as football, tennis, and baseball.

This type of tournament has been deeply studied in Statistics and Combinatorial Math-
ematics. Horen & Riezman (1985) review several studies on the matter, pointing out how
di�erent con�gurations for a generic tournament lead to diverse patterns of winners and
losers. Therefore, according to their paper, the tournament con�guration might favor or
disadvantage contenders. Furthermore, Williams (2010) has shown that - under certain
assumptions - there is always a speci�c tournament structure which maximizes the odds
of winning for any generic player. Moreover, according to the authors, a single-elimination
tournament might be won by any player which exceed a determined amount of victories
in an equivalent round robin tournament. Hence, because of several players might be
potential champions for the same tournament, some concerns about fairness and the �nal
ranking arise.

Therefore, dealing with fairness on a macroscopic scale can turn out to be very com-
plex. This thesis focuses onfairness in terms of match repetitions , trying to limit
repeated matches during a given period of time. Moreover,parameters such as surface
type, country, and entry level of players are taken into accountas potential elements of dis-
parity and con�ict between players. Clearly, the proposed analysis can be as well extended
to any other parameter of interest.

1



1 � Introduction and drivers

1.2 Match repetitions

There are several cases in which players have been paired with the same opponent multiple
times during a time-window ranging from 1 to 3 months. This implies a decreased diversity
of matches among players, which might make gamesless interesting for the public as
well as for the players. Empirical evidence from ATP supports those claims.
As a matter of facts, the ATP database provided by Sackmann (2017) - the creator of
TennisAbstract.com - provides several examples of match repetition. In particular, we
focused on the data regarding �rst rounds of 128, 64, and 32 players tournaments held in
2017. The Table 1.1 reports match repetitions for players in �rst rounds of several ATP
tournaments from January to September 2017. In addition to that, there are few cases
in which - as reported by Sackmann (2018) - �nalists in a given tournament play against
each other in �rst rounds of the next tournament. For instance, Diego Schwartzman and
Fernando Verdasco played against each other in the �nal round of Rio de Janeiro ATP-
500, and again in the �rst round of Acapulco the following week. While the last case is
de�nitely rare, match repetitions in early rounds are very common in ATP tournaments.

1.3 Variety of the matches and randomness of the draw

Variety - or diversity - is the extent by which di�erent elements of a set di�er by one or
more characteristics. In the speci�c application of this work, ensuring a reasonable variety
means trying to create the more diverse match pairings in tournaments. Hence, the aim of
avoiding match repetitions �ts perfectly with the concept of variety. Moreover, this goal
can be achieved by integrating several parameters to measure diversity, such as nationality
of players, performances in a given period of time, number of matches played.
One of the fundamental assumptions of this thesis is related to theluck of the draw. Single-
elimination tournaments are structured by randomly assigning a number of players in their
respective slots as well as performing a constrained draw for seeded players. Therefore, is
essential to ensure that any structuring process involves a randomized draw.

2



1 � Introduction and drivers

Table 1.1: Match repetitions from January to September 2017 in ATP Grand Slams and
Challengers. Adapted from Sackmann (2017) database.

Tourney Name Size Month Winner Seed Loser Seed W/L
Qingdao CH 32 April Andrej Martin 7 Aleksandr Nedovyesov NO
Prague CH 32 July Andrej Martin 4 Aleksandr Nedovyesov NO

2/0
Sophia Antipolis CH 32 April Arthur De Greef 8 Vincent Millot NO
Bordeaux CH 32 May Arthur De Greef NO Vincent Millot NO

2/0
Busan CH 32 May Blaz Kavcic 3 Sekou Bangoura NO
Granby CH 32 July Blaz Kavcic 1 Sekou Bangoura NO

2/0
Shenzhen CH 32 March Duck Hee Lee 4 Tatsuma Ito NO
Gimcheon CH 32 May Duck Hee Lee 7 Tatsuma Ito NO

2/0
Australian Open 128 January Dudi Sela NO Marcel Granollers NO
Wimbledon 128 July Dudi Sela NO Marcel Granollers NO

2/0
Leon CH 32 March Federico Coria NO Tigre Hank NO
San Luis Potosi CH 32 April Federico Coria NO Tigre Hank NO

2/0
Yokohama CH 32 February Go Soeda 4 Hiroki Moriya NO
Taipei CH 32 April Go Soeda 8 Hiroki Moriya NO

2/0
Santiago CH 32 March Guilherme Clezar NO Tristan Lamasine NO
Liberec CH 32 July Guilherme Clezar NO Tristan Lamasine NO

2/0
Wroclaw CH 32 February Jonathan Eysseric NO Hubert Hurkacz NO
Poznan CH 32 July Jonathan Eysseric NO Hubert Hurkacz NO

2/0
Medellin CH 32 July Juan Pablo Varillas Patino Samudio NO Facundo Mena NO
Floridablanca CH 32 August Juan Pablo Varillas Patino Samudio NO Facundo Mena NO

2/0
Sophia Antipolis CH 32 April Kimmer Coppejans NO Stefanos Tsitsipas NO
Barletta CH 32 April Kimmer Coppejans NO Stefanos Tsitsipas NO

2/0
Granby CH 32 July Liam Broady NO Marc Polmans NO
Vancouver CH 32 August Liam Broady NO Marc Polmans NO

2/0
Barletta CH 32 April Matteo Donati NO Andrea Pellegrino NO
Genova CH 32 September Matteo Donati NO Andrea Pellegrino NO

2/0
Prostejov CH 32 June Radu Albot 6 Facundo Bagnis NO
Wimbledon 128 July Radu Albot NO Facundo Bagnis NO

2/0
Leon CH 32 March Tennys Sandgren 6 Mackenzie Mcdonald NO
Savannah CH 32 May Tennys Sandgren 5 Mackenzie Mcdonald NO

2/0
Quanzhou CH 32 March Yuki Bhambri NO Tatsuma Ito NO
Gatineau CH 32 July Yuki Bhambri NO Tatsuma Ito NO

3



Chapter 2

De�nitions and formulation

2.1 Tennis sudden-death

In the speci�c �eld of Tennis, single-elimination tournaments are the standard for ATP
and WTA competitions. In the majority of ATP 500,1000 and Grand Slam tournaments,
the number of players is either 32, 64 or 128. A common practice isseeding, by which a set
of players are allocated in some speci�c slots for the �rst round. Following a preliminary
ranking, those players are positioned into the tournament brackets graph in advance,
before the general draw for unseeded players. Most of the times, the set of seeded players
includes the best performing players in the tournament. The allocation of seeds is required
in order to ensure that top players do not eventually match each other until late or �nal
rounds.

Assuming n players are joining a sudden death tournament, the number of matches is
given by n � 1. The amount of playersn is always a power of two, namelyn = 2 t for some
positive number t. The tournament structure represents the way players are facing each
other in the tournament. Graphically, the structure is represented by a brackets graph
such as the one in Figure 2.1

Figure 2.1: Brackets graph

In order to create the �rst round of a tournament, each player has to be assigned to a
speci�c slot in the brackets graph. As an additional requirement for the model, we suppose
that tournaments have no byes. A bye occurs when a player or a team does not play in a
generic round, playing directly in the following one.

4



2 � De�nitions and formulation

2.2 Seeded players

In the majority of tennis tournaments, best players are seeded typically following the
WTA (Women Tennis Association) or ATP (Association of Tennis Professionals) rank-
ings. Several tournaments compute rankings as to re�ect a particular characteristic of a
competition: for instance, the Wimbledon seeding methodology favors players which are
better performing on grass rather than other surfaces (Wimbledon 2017).
Once the seeds ranking is set up, seeded players are allocated into the brackets graph.
Only the �rst two seeds usually have an a priori allocated slot, while the remaining seeds
have some speci�c slots in which they can be allocated. Since more than one seed might
be allocated to the same slot, a draw is made. The slot location in the brackets graph
is given by the round in which players are expected to eventually match each other. For
instance, in a Grand Slam with n = 128 players and m = 32 seeds:

1. The top 2 players are allocated in the �rst spot and the last one, so that - assuming
they will win all their games - they play against each other in the �nal round.

2. The top 4 players eventually play against each other in the semi-�nals

3. The top 8 players eventually play against each other in the quarter-�nals, the top
16 in the round before quarters and so on.

For the purpose of this work, we assume theseeding is given. Hence, a set of seeded
players and their positions in the �rst round is provided.

2.3 Problem de�nition

Let us �rst provide the following de�nitions.

De�nition 1 A tournament is a single-elimination tournament with no byes and an
amount of players n = 2 t : t 2 N.

De�nition 2 A round is a set of matches betweenz players which results inz=2 winners.
In a generic tournament, the number of rounds isrounds = log2n. The set of rounds in
the tournament is de�ned as R = f r i 2 Z : 0 � r i < t g

De�nition 3 I = f i 2 N : 1 � i � ng is the set of players in the tournament.

De�nition 4 The structure of a tournament is a mapping that assigns each playeri 2 I
to a single slot in S = f si 2 N : 1 � si � 2(n � 1)g

In the �rst round - or r i = 0 - for a tournament of n players there are exactlyn=2 matches
and n slots. Therefore, each slot can be indexed with a unique number ranging from1 to
n. The next round has n=2 players with n=4 matches, and indexes ranging fromn + 1 to
n + 1 + n=2.

5



2 � De�nitions and formulation

De�nition 5 A generic round r i has slot numbers which can be indexed as follow:
si 2 [1 +

P r i � 1
l=0 ^ r i > 0 2rounds � l ;

P r i
l=0 2rounds � l ]

De�nition 6 A match repetition occurs when two players play against each other for
more than one time in a given time window.

With those de�nitions, the problem can be formulated as follow.

De�nition 7 The tournament allocation problem clusters n players with m seeds in
k groups, in order to maximize diversity and minimize match repetitions. Matches within
clusters are then randomly determined by a draw.

As noted in Sections 1.2 and 1.3, several parameters are potential candidates as to
maximize some sort of diversity, as long as a randomized draw takes place. Hence, the
problem is related to a process whichsplits players into di�erent clusters - or groups.
The clustering minimizes some sort of numerical measure for match repetitions and max-
imizes diversity in terms of a set of given parameters. Once clusters are created, the draw
can randomly assign non-seeded players to their position in the brackets graph. Therefore,
the solution of the tournament allocation problem does not provide certainty - in terms
avoided match repetitions and increased diversity - but rather increases the odds of creat-
ing such a tournament structure. As mentioned in Section 2.2, some players are �xed in
their speci�c clusters because of their seeding position. Those seeded players reduce the
degrees of freedom for the problem, hence making it easier to solve.

De�nition 8 k : k 2 N ^ (n mod k) = 0 is the number of clusters - or disjoint sets of
players - in a tournament structure. Therefore, each cluster has an amount ofu = n

k 2 N
players. J = f j 2 N : 1 � j � kg is the set of clusters

The De�nition 8 assumes that the number of cluster allows the creation of subsets with
the same cardinality.

De�nition 9 A seeded player is a player which has ana priori assigned slot in the
brackets graph. M 2 I is the sub-set of seeded players in a tournament, with cardinality
m < n . Each cluster has an amount off = m

k 2 N seeded players.

Moreover, some players join the tournament following a quali�cation process. Hence,
newly quali�ed players need to be taken into account and treated as special entities.
Di�erent types of players can be classi�ed as follow:

1. Seeded players

2. Unseeded players

(a) Quali�ed players Q are players which join the tournament from some sort of
quali�cation phase. Hence, the amount of match repetitions with other players
is arbitrarily assumed to be 0. This set includes lucky losers LL - the bests non-
quali�ed players in the quali�cation phase - which join the tournament when a
competitor is not able to play.

6



2 � De�nitions and formulation

(b) Non-quali�ed unseeded players

We introduce a matrix H for representing the cost of a match repetition between two
players as well as other costs related to con�icts.

De�nition 10 The matrix H is a matrix n � n in which the generic element h�� 2
R ^ h�;� � 0 represents some sort of interaction between two generic players�; � : �; � 2 I

Hence,h coe�cients quantify some sort of con�ict or interaction between two generic
players, which is to be minimized. For the problem purpose, we assume thath�� 2 R :
h�� � 0. Moreover, the matrix H is symmetric and has a diagonal of zeros. The former
assumption roots in the rules de�ned in order to create h coe�cients. In particular, we
assume thathi;i = 0 8i 2 I and h�;� = h�;� 8�; � 2 I .

H =

2

6
6
6
6
4

h11 = 0 h12 � � � h1n

h21 h22 = 0 � � � h2n
...

...
. . .

...
hn1 hn2 � � � hnn = 0

3

7
7
7
7
5

= ( hij � 0) 2 Rn� n (2.1)

De�nition 11 A con�ict between to players �; � 2 I exists when one or more incompat-
ibility is detected between them.

For instance, if we de�ne match repetitions as a type of incompatibility, a con�ict is
detected each time two players have played against each other in the past. The former
example can be restricted, for example, to the current season, so that only recent match
repetitions are taken into account. Following the last de�nition, it is evident how con-
�icts are intrinsically linked to coe�cients in the matrix H. Moreover, we can distinguish
between potential con�icts and activated one.

De�nition 12 Two generic players�; � 2 I have a potential con�ict if h�;� > 0.

De�nition 13 A con�ict is activated when two generic players �; � 2 I are playing
against each other in a match andh�;� > 0. Hence, the con�ict measure is de�ned as
h�;� .

Therefore, a generic con�ict between two players becomesactive only if the two are
actually allocated in slots as to play together and their h�;� is positive.

7



2 � De�nitions and formulation

2.4 Integer Quadratic Programming formulation

The tournament allocation problem can be stated in terms of a quadratic 0/1 optimization
problem. As referenced in Section 2.3, the goal is to create clusters of players as to
minimize some sort ofcon�icts - for instance, match repetitions - and increasediversity
across matches. In particular, the goal is to optimize the feasible draws related to the
�rst round .

minimize Z =
kX

j =1

(
n� 1X

� =1

nX

� = � +1

h�� x �j x �j ) (2.2)

S.T.
kX

j =1

x ij = 1 8i 2 I (2.3)

nX

i =1

x ij = u 8j 2 J (2.4)

x ij 2 f 0;1g 8i 2 I; j 2 J (2.5)

�; �; i 2 I; j 2 J (2.6)

The generic variablex ij is equal to 1 each time the playeri is allocated to the cluster
j .
The O.F. in Equation 2.2 minimizes the sum of con�icts for a generic clusterj 2 J . Hence,
if two players �; � 2 I are both allocated to the samej 2 J , the product h�� x �j x �j

becomes active and assumes the value ofh�� . In any other case, this contribution is equal
to 0. In order to obtain the objective function, a sum through every cluster is performed.
As reported in Section 2.3, matrix H is symmetric and has a zero-diagonal. Therefore, as
to simplify the O.F., only inner sums so that � < � are taken into account. A more formal
implementation is given in Equation 2.2, which uses indexes on the top and bottom of the
sums as to obtain the desired e�ect.
The constraint in Equation 2.3 ensures that each player is allocated to one and only one
cluster, while Equation 2.4 sets the maximum amount of players per cluster tou.

A generic seeded playeri 2 M is a priori positioned in a slot si 2 S in the �rst
round. Therefore, an amount of f variables for each clusterj are �xed, so that their
binary variables x ij are set to 1.

2.5 Integer Linear Programming formulation

We can derive an alternative Integer Linear Programming model by applying the standard
linearization to the product of binary variables, as mentioned in Della Croce (n.d.). Indeed,
the linearization of a generic product x i x j can be achieved by introducing a new binary
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2 � De�nitions and formulation

variable yij 2 f 0;1g such that yij = x i x j . In addition to that, 3 new constraints are
declared:

x i � yij

x j � yij

x i + x j � 1 + yij

(2.7)

In particular, as to linearize the O.F.in Equation 2.2, y�j;�j = x �j x �j is introduced.
Therefore, 3 new constraints are declared in Equation 2.9, and a new O.F. is introduced
in 2.8.

minimize Z =
kX

j =1

(
n� 1X

� =1

nX

� = � +1

h�� y�j;�j ) (2.8)

S.T.

kX

j =1

x ij = 1 8i 2 I

nX

i =1

x ij = u 8j 2 J

x �j � y�j;�j

x �j � y�j;�j

x �j + x �j � y�j;�j + 1

y�j;�j 2 f 0;1g 8i 2 I; j 2 J

(2.9)

x ij = 1 8i 2 M

x ij 2 f 0;1g 8i 2 I; j 2 J

�; �; i 2 I; j 2 J

The new model might achieve better performances on solvers which do not support the
automatic linearization of the O.F. or are not able to process quadratic O.F. As reported
in Chapter 6, the solver used in the simulations for this thesis automatically linearizes the
O.F.
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Chapter 3

Related problems

The tournament allocation problem introduced in Section 2.4 is a particular formulation
which can be lead back to the broad set of clustering problems. Therefore, there are several
similar problems in the literature. As to be more speci�c, two problems are presented in
Sections 3.1 and 3.2. Those problems have similar characteristics if compared to the
tournament allocation problem.

3.1 Max-cut problem

The tournament allocation problem shares several characteristics with an undirected and
weighted max-cut problem. Each playeri 2 I is represented by a vertex in a graph, and
the given matrix H is interpreted as the adjacency matrix. The greater the weight of an
edge is, the more the two linked nodes have some sort ofcon�ict .

For instance, in the example graph in Figure 3.1, is very immediate to visualize that
players 7 and 8 have no connections with other players. Hence, the cluster in which they
virtually can be allocated is not quantitatively relevant for the O.F. Moreover, players 2
and 3 have a weighty edge which may cause a sensible increase in the O.F. - in the case
they are allocated in the same cluster. Hence, the problem of clustering players can be
visualized as aclosed line which creates a subset of nodes. In order to achieve a good
clustering in terms of diversity and match repetitions, the line has to maximize the sum
of edges' weights which are cut. In Figure 3.1, the red line clusters a subsetC = f 2;5;6;8g
and has a cut-value of0:5 + 6 + 1 + 1 + 5 + 0 :5 = 14. As to transpose this methodology
to the tournament allocation problem, k lines are required to createk disjoint clusters.
In terms of complexity, the max-cut problemis proven to beNP-Hard (Kartik & Karimi
2007). The graph for a tournament of 32; 64 or 128 players is harder to visualize but
can be helpful as to represent the tournament allocation problem. An example of a full
tournament graph is reported later on in Figure 6.4.

Given a generic graphG = ( V; E) where V is the set of nodes andE the one of edges,
a cut is de�ned as a partition of V into two subsets S; �S : S + �S = V ^ S

T �S = ; . The
weight of the cut is de�ned as the sum of edges' weights which have endpoints in the two

10



3 � Related problems
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Figure 3.1: Example graph with n = 8 players

di�erent subsets. x i is introduced for each vertexi 2 V of G(V; E). For each edge between
two generic nodesi; j 2 V , wij represents its weight. One of the many formulations for
the max-cut problem is the one reported in Equations 3.1.

maximize Z =
1
2

X

i 2 V

i<jX

j 2 I

wij (1 � x i x j )

S:T: xi =

(
1 i 2 S

� 1 i 2 �S

wij 2 R+

(3.1)

The term (1 � x i x j ) assumes the value of 0 if the two nodesi; j belong to the same
subset. In any other case, the term is equal to 2, and then compensated by the1=2 factor
before the sum. Max-cut resembles the tournament allocation problem withk = 2 clusters.
Nodes represent players and edges the quanti�cation - or measures - of con�icts. In order
to obtain the problem with k clusters, we need to generalize the max-cut. Therefore, the
formulation introduced in Section 2.4 is very similar to a multiple max-cut.

11



3 � Related problems

3.2 Max-diversity problem

The tournament allocation problem has some characteristics in common with themax-
diversity problem. Given a set ofn elements, the goal is to �nd a subset ofm elements in
such a way that the sum of their distancesdij is maximized.

maximize Z =
n� 1X

i =1

nX

j = i +1

dij x i x j )

dij =

vu
u
t

PX

p=1

(sip � sjp )2

nX

i =1

x i = m

x i 2 f 0;1g

i : i 2 N ^ i � n

p : p 2 N ^ p � P

(3.2)

Assuming sip as the value of thepth attribute for the generic element i , the O.F. max-
imizes the sum over eachp attribute of the set. Kuo et al. (1993) propose the formulation
such as the one reported in Equation3.2. The concept ofdistance is dynamical and can
be �t into several di�erent problems. For instance, we can de�ne some sort of distance
so that match repetitions pull players closer. Hence, the max diversity tries to maximize
the distance between players, avoiding match repetitions. In terms of computational com-
plexity, the Authors prove that the max-diversity problem is NP-hard . By extending the
max-diversity to k clusters and de�ning distance dij in a way that �ts with Section 2.3,
the problem resembles the tournament allocation problem.

12



Chapter 4

Heuristics and greedy

4.1 A greedy algorithm

In order to create an initial feasible solution, the interpretation derived from the graph
theory is fundamental. As mentioned in Section 3.1, the tournament allocation problem
can be represented through a graphG = ( V; E) whereV = I is the set of players andH is
the adjacency matrix for the graph. The degree of a nodei 2 I is de�ned as the number
of edges incident toi . Hence, given the adjacency matrixH , the degree of a generic vertex
i can be obtained counting how many non-zero values are present either on ai th row or
column. The degree of a nodei 2 I is equivalent to the number of players with which
i has at least one con�ict. Sinceh�;� � 0 8�; � 2 I , summing the weights of each edge
incident to a generic nodei results in its weighted degree. Therefore, the weight of each
edge measures the con�ict value between two nodes. Nodes with a large weighted degree
are the ones with the greatest amounts of potential con�icts.

The distribution of degrees and weighted degrees, as the ones reported in Figure 6.1,
seems to follow almost a normal distribution. Hence, a methodology to create an initial
solution has been developed. A feasible solution can be generated by prioritizing the allo-
cation of players with higher weighted degrees. Seeded players and their clusters are still
considered as �xed, as in Section 2.4. Starting with the player with the greatestdegreew ,
players are allocated in clusters. Each playeri 2 I is taken in account individually, and
virtually allocated in a cluster j 2 J . More precisely, the algorithm starts when only seeds
are already positioned in their clusters. In the second instance, the change� z in the
O.F. is computed by virtually allocating player i in the j th cluster. The process iterates
k times for each j 2 J , and i is allocated to the cluster with the smallest and best� � zj

and at least 1 free space available. The vector�e contains the ordered set ofi 2 I by their
weighted degrees, so thatdegreew(�e[a]) � degreew(�e[a + 1]) 8a 2 N ^ 1 � a � (u � k).
The process iterates through�e and is represented in Algorithm 1. Therefore, players are
allocated starting with the ones with higher weighted degrees. After every iteration, the
next one takes into account all the previous allocations.

13



4 � Heuristics and greedy

Algorithm 1: Greedy algorithm for basic solution
Input: �e; H; n; k; u
Output: �x

1 � Z = � �Z = 0 ;
2 bestj = 1; f irst = true ;
3 for cluster = 1; cluster � j ; cluster + + do
4 Freecluster = u
5 end
6 foreach ei in e do
7 if isSeeded(ei ) = false then
8 f irst = true ;
9 for cluster = 1; cluster � j ; cluster + + do

10 � Z = 0 ;
11 if F reecluster > 0 then
12 for player = 1; player � n; player + + do
13 if xplayer;cluster = 1 then
14 � Z + = Hplayer;e i ;
15 end
16 end
17 if f irst = true then
18 f irst = false ;
19 � �Z = � Z + 1 ;
20 end
21 if � Z < � �Z then
22 � �Z = � Z ;
23 bestj = cluster ;
24 end
25 end
26 end
27 xei ;bestj = 1 ;
28 Freebestj � � ;
29 end
30 end

Once abasic feasible solution is generated, as previously described, arandom swap-
ping procedure is launched forswapt seconds. In the �rst instance, the procedure creates
a bucket containing all the unseeded players in the setB = I � M with cardinality u � k.
Then, two players �; � 2 B are randomly extracted from the bucket. Assuming that, at
the beginning of the iteration, � is allocated in j � 2 J and � in j � 2 J with j � == j � , the
two players are virtually swapped in terms of clusters. Hence,Z �;j � and Z �;j � are de�ned
as the contributions to the O.F. with the two players allocated in their original clusters.
Then, the algorithm computes the two contributions to the O.F. in a virtual case of a swap
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4 � Heuristics and greedy

Z �;j � and Z �;j � . If the quantity � Z = ( Z �;j � + Z �;j � ) � (Z �;j � + Z �;j � ) is negative, the
swap is improving the O.F. Therefore, players are swapped in the solution. The procedure
is reproduced in Algorithm 2.

Algorithm 2: Swapping procedure
Input: �x; H; n; swap t

Output: �x
1 while T ime< swapt do
2 while j � = j � do
3 �x �;j � �>random(in B); �x �;j � �>random(in B);
4 end
5 for i = 1; i � n; i + + do
6 if �x i;j � =1 then
7 if i == � then
8 Z �;j � += H �;i ;
9 end

10 Z �;j � += H �;i ;
11 end
12 if �x i;j � =1 then
13 if i == � then
14 Z �;j � += H �;i ;
15 end
16 Z �;j � += H �;i ;
17 end
18 end
19 if � Z < 0 then
20 �x �;j � = 0; �x �;j � = 1 ;
21 �x �;j � = 0; �x �;j � = 1 ;
22 end
23 end
24 return �x
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4 � Heuristics and greedy

4.2 Heuristics and matheuristics

Heuristics provide feasible solutions which might become available in a reasonable amount
of time and achieve a good approximation for the optimal O.F. Because of the majority of
solvers have several heuristics and exploration policies implemented, outperforming them
implies exploiting some peculiar characteristics for each speci�c problem.
As noted by Della Croce et al. (2013), exploiting the speci�c structure of a given problem
can provide a polynomial-time algorithm which achieves a quantitatively good O.F. Most
of the times, the application of heuristics results in feasible solutions, while in few cases
it leads to the optimal value. The principle behind matheuristics is the hybridization of
exact-methods with heuristics, combining the strengths of the two. In several applications
of matheuristics, the solver is used as ablackbox for multiple instances, in order to ex-
plore the solution space in di�erent ways. Two approaches are presented in the following
subsections, while results are analyzed in Chapter 6.

4.2.1 Heuristic A - Random �xing

The following approach tries to leverage on a speci�c type of players. Quali�ed players Q
and lucky losers LL - as de�ned in Section 2.3 - have zeroh coe�cients. Hence, they do
not a�ect directly the O.F. Moreover, from a quantitative perspective, any two Q or LL
players can not be distinguished because of their0 impacts on O.F.

In the �rst instance, the solver is used as ablack boxto �nd � di�erent solutions with a
time limit of t l . The best two ones,x � 1 and x � 2 are compared. If a quali�ed player i 2 I
is allocated to the samej 2 J cluster in both the two best solutions x � 1 and x � 2, the
allocation becomes de�nitive. Hence,x i;j for that player is constrained to the value of 1.
The maximum amount of quali�ed players �xed in each cluster is limited to Qn=k, where
Qn is the number of quali�ed players in the whole problem. In addition to that, a bucket
containing all the non-seeded and non-quali�ed players - which were stable in the best two
solutions - is generated. Each cluster has its own bucket, and requirements to join it are
reported in the following list.

1. A player must belong to the same cluster in the last two best solutions.

2. Given MD - the maximum degree of a player in the problem - only players with a
degreeranging in [� m MD; � M MD ] : � m ; � M 2 [0;1] are added to the bucket.

The last requirement does not guarantee that the allocation is improving branched solu-
tions. However, it reduces - to some extent - the degrees of freedom by �xing some players
with con�ict measures in a speci�ed range. After generating the buckets, a randomly
selected� percentage of players from thebucketj are �xed in the j th cluster. The solver
is used again with a time limit of t l � 3=2 and with x � 1 as starting solution.

Since the variables are �xed once and only one sub-problem is created, this heuristic
belongs to the class ofhard variable �xing heuristics. This might lead to a sub-problem
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with a bad approximation for the original optimum. There is no guarantee the new con-
strained solution space contains the original optimal value. Moreover, since players are
�xed only if they are stable in the last two best feasible solutions,a feasible solution is
guaranteed as well in T � 5=2t l .

Algorithm 3: Heuristic A

1 Solver.Solve(timelimit = t l ; max_ solutions = � );
2 x � 1=Solver.getSolution(best);
3 x � 2=Solver.getSolution(best-1);
4 Allocatedk = 0 ;
5 for c = 1; c � j ; c + + do
6 for p = 1; p � n; p + + do
7 if isSeeded(p) = false and x � 1

p;c = x � 2
p;c = 1 then

8 if isQuali�ed( p)= true and Allocatedc < (Qn=k);
9 then

10 Solver.setconstraint(xp;c = 1) ;
11 end
12 else if � m MD� degree(p) � � M MD then
13 Bucketc.add(xp;c);
14 end
15 end
16 end
17 end
18 for c = 1; c � j ; c + + do
19 max_ f ixed = Bucket j :size() � � ;
20 for rand = 1; rand � max_ f ixed ; rand + + do
21 �x= Bucketc.getRandom();
22 Solver.setconstraint(�x=1);
23 Bucketc.delete(�x);
24 end
25 end
26 Solver.StartFrom(x � 1);
27 Solver.Solve(timelimit = 3=2 � t l ;);

4.2.2 Heuristic B - weighted local branching

Local Branching was introduced by Fischetti & Lodi (2003). The solver is used as ablack
bockand the solution space is explored de�ning a neighborhood around a speci�c solution.
While the method in Section 4.2.1 uses ahard variable �xing approach, local branching
uses asoft �xing approach. Therefore, given a set of rules, the solver is able to decide
which variable to �x and subsequently to analyze an easier sub-problem, without losing
the chance of �nding a better solution in the main problem.
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The local branching is implemented in the tournament allocation problem with the
reported notation. First, the solver is used to �nd a feasible solution �x, which is assumed
as the incumbent one. The goal is to explore a neighborhood of�x. In particular a K � OPT
neighborhood which satis�es Equation 4.1. In order to avoid ambiguity, the k constant k
for the local branching is renamed askbranch .

nX kX

�x ij =0

x ij +
nX kX

�x ij =1

(1 � x ij ) � kbranch (4.1)

The solver is consequently launched as to explore the left branch, represented by the new
constraint in Equation 4.1. The right branch - which is complementary to the left - can
be obtained with the constraint in Equation 4.2.

nX kX

�x ij =0

x ij +
nX kX

�x ij =1

(1 � x ij ) � kbranch + 1 (4.2)

The original heuristic develops as follow. The solver explores the left branch with a time-
limit t l . � Z (x � ; x) - the �rst part of inequality 4.1 - is introduced as a measure of distance
between the incumbent solutionx � and a generic onex.

1. If no improving solution is found, the problem is led back to the right branch
and the kbranch parameter is increased.

2. If an improved solution x � is found, it becomes the new incumbent solution�x = x � ,
and the solver explores the right branch with the new incumbent as the initial
solution.

3. If a general time-limit Tl is triggered, the last incumbent is the �nal solution

4. If an optimal solution is found for the general problem, the heuristic stops.

Starting from this local branching process, the proposed heuristic exploits players'
degrees introduced in Section 4.1. The main assumption regards players with adegree
ranging in [� m � MD; � M � MD ], in which MD is the maximum degree in the problem and
� m ; � M 2 [0;1]. The heuristic supposes those players have more inertia in moving between
cluster than the other ones have. The increment in their inertia - compared to the one of
regular players - is given by a factor of� > 1. Two subsets are created: players inA 2 I
have more inertia, while B 2 I are the ones regular inertia, so thatA \ B = ; ^ A [ B = I .
Equation 4.1 is altered as follows:

nX kX

�x ij =0 ^ i 2 B

x ij +
nX kX

�x ij =1 ^ i 2 B

(1 � x ij ) +
nX kX

�x ij =0 ^ i 2 A

�x ij +

+
nX kX

�x ij =1 ^ i 2 A

� (1 � x ij ) � (
nX

�x ij =1 ^ i 2 A

� )kbranch

(4.3)
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Intuitively, Equation 4.3 introduces a notion of weighted degree of freedom. A speci�c
weight, which depends on the degree of the player, is assigned to each variablex ij 2 A. The
search is limited to new fK � OPT neighborhood which takes into account those weights.
Therefore, modifying the value of a generic variablex ij 2 A takes more e�ort than mov-
ing one x ij 2 B . In addition to that, the algorithm switch to an unweighted local
branching in the case the solution is not improving or infeasible for more than 1 iteration.

Algorithm 4 presents a policy for managing the value ofkbranch . As for the original
local branching, � Zw(�x; x ) is a weighted distance between the incumbent solution and a
generic one. The variableswitch in Algorithm 4 makes possible to switch between the local
branching and its weighted version. Thekbranch parameter is incremented by� > 1 each
time the solution is not improving or infeasible, in order to prevent stagnation in the same
neighborhood. Moreover, if the solution is not improving after ni � limit iterations, the
heuristic stops and the last incumbent solution is adopted as best one. A set of arbitrary
values for all the parameters is presented in Chapter 5.
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Algorithm 4: Heuristic b

1 kbranch _ init = kbranch ; constrain = null ; counter = 0; bestOF = 0; ni � count
switch = true ;

2 while ElapsedT ime < T l do
3 counter + + ;
4 if ni � count > ni � limit then
5 TL = � 1
6 end
7 Solver.Solve(timelimit = t l ;);
8 if counter == 1 then
9 bestOF=Solver.getOF() +1;

10 end
11 if Solver.gesStatus =FEASIBLE or Solver.gesStatus =OPT IMAL then
12 if Solver.gesStatus =OPT IMAL and noConstraint(� Z (�x; x ) � kbranch or

� Zw(�x; x ) � kbranch ) then
13 TL = � 1/* Optimal found */
14 end
15 if Solver.getOF() < bestOF then
16 ni � count = 0 ;
17 �x = Solver.getSolution();
18 Solver.startFrom( �x);
19 if switch = true then
20 Solver.setConstraint( � Zw(�x; x ) � kbranch � active)/* active is

the result from the sum in Eq. 4.3 */
21 end
22 else if switch = false then
23 Solver.setConstraint( � Z (�x; x ) � kbranch );
24 switch = true ;/* local branching without weights */
25 end
26 end
27 else
28 switch = false ; ni � count + +; kbranch = kbranch � � ;

/* not improving */
29 if kbranch > n then
30 kbranch =2;
31 end
32 end
33 end
34 else if Solver.gesStatus =INFEASIBLE then
35 switch = false ; kbranch = kbranch � � ;
36 Solver.removeConstraint( � Z (�x; x ) � kbranch and � Zw(�x; x ) � kbranch );
37 if kbranch > n then
38 kbranch =2;
39 end
40 end
41 end
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Chapter 5

Implementation and simulations

5.1 Introduction

Experimental tests have been performed by usingIlog CPLEX 12.7 running on a 3,5 GHz
Intel Core i7 with 16 GB 2133 MHz LPDDR3 of RAM Memory, and operating system
MacOS 10.13.4. The solver is integrated with Java and a SQLite database with the ATP
data. Details about the dataset adopted are available in Section 8.3. The simulations
are performed taking into account the four Grand Slams Tournaments from 2017: Roland
Garros, Wimbledon, US Open and Australian Open. Further information about the source
code is available in Chapter 8.
The following steps are taken in order to obtain results for a single tournament.

1. The tournament is loaded and the Matrix H is generated.

2. Two solutions are generated withk = 4 .

(a) A greedy solution built from the algorithm presented in Section 4.1.

(b) One solution from CPLEX. This can be either an exact solution or one gener-
ated by a heuristic.

3. For each solution in 2, the following sub-process is iterateds = u=2 times.

(a) Players are allocated in the �rst round with a draw.

(b) A simulation for the full tournament moves on through the tournament until a
tournament champion emerges.

(c) Several indexes are tracked and measured both in the �rst round and next ones.

In order to give more solidity to the results, simulations are performedu=2 times. u is the
number of unseeded players per cluster, as de�ned in Section 2.3.
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5.2 Coe�cients in Matrix H

Following the de�nition of Matrix H given in Section 2.3, we introduce aconjectural
set of rules for con�icts and matrix H coe�cients. Those rules can be de�ned as to �t
speci�c needs for each tournament. The rules presented constitute onlyone of the many
reasonable options and they are selected in order to �t the four Grand Slams. In the
�rst instance, the default value of each element inH is h�;� = 0 8�; � 2 I . After matrix
H is set to a zero-matrix, h coe�cients are computed accordingly to the following rules.

Rule 1 If two players �; � 2 I are from the same country, thenh�;� + = 5; .

Rule 2 If two players �; � 2 I played against each other in a1st round in the last year,
then h�;� + = 5; .

Rule 3 If two players �; � 2 I played against each other in a2nd round in the last year,
then h�;� + = 2; .

Rule 4 If two players �; � 2 I played against each other in a3rd round in the last year,
then h�;� + = 1; .

Rule 5 If two players �; � 2 I played against each other either in quarter-�nal or semi-
�nal rounds in the last year, then h�;� + = 0 :5;.

In this case, the �rst rule is ensuring that country diversity is increased by stating
that players from the same country generate a con�ict. For instance, this can be overturned
in the case the need is to pair players from the same country. This virtual rule might lead
to a case in which at least one player per country goes to the second round.

5.3 Generating solutions

Two solutions are generated for each tournament. The �rst one is found by CPLEX,
either using the only solver or adopting one heuristic. The second solution is built with
the greedy approach explained in Section 4.1. Both solutions are taken into account as to
generate draws and full tournament simulations.

5.4 First round draw

The tournament allocation problem results in a solution in which players are allocated ink
clusters. Hence, there is still the need to perform a draw in order to plant players into the
brackets graph, as mentioned in Section 1.3. Therefore, players are randomly allocated to
a free slot si in the �rst round r i = 0 . The only constraint for the draw process regards
the cluster of allocation for each player, which is given by the solution considered. Hence,
the random allocation takes place ink di�erent groups.
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5.5 Simulation of full tournaments

Once a generic �rst round draw is performed, next rounds can be predicted as follow. A
blend of current position in ATP ranking and the Head2Head from the last 2 years is
taken into account as to estimate the odds of winning a match for a player. Given two
generic players�; � 2 I we de�ne the probability of � of winning a match against � as:

P(�; � ) = 0 :65� Prank (�; � ) + 0 :35� PH 2H (�; � );

PH 2H (�; � ) =
# Wins of � against �

# Matches of � against �

(5.1)

The term Prank (�; � ) is equal to 1 if the ranking of � is greater than the ranking of
� and 0 otherwise. Each time at least one between�; � is a quali�ed player, or more
generally the two players have not yet matched, the termPH 2H (�; � ) is 0. Then, the
probability is computed as follow:

P(�; � ) = Prank (5.2)

Each full tournament simulation starts at the �rst round r i = 0 and advances until a
winner is found in the last round t � 1 = r . As to compute the PH 2H (�; � ), only matches
played in the last two years are taken into account: the range is dynamically selected
depending on the tournament date.

5.6 Tracked indexes

Some indexes are tracked as to measure the extent of improvements between solutions.
Since the data from the four Grand Slams is available also in terms of winners and losers
for each round, the data is loaded as the actual tournament. Hence, other results are
compared with actual measures in the considered tournament. The following table sums
up the tracked indexes in simulations. Moreover, the reports in Chapter 6 are more
synthetic and simpli�ed.

In the case a heuristics is used with an execution time ofTl , the solution is compared
with the one obtained with CPLEX - namely the CPLEX comparator - running with the
same time limit Tl . This process is required in order to compare the results obtained
from the heuristic with the one from the raw CPLEX. As for the greedy solution, the
comparator is launched with a time limit Tl equal to the amount of time required by
the greedy algorithm to generate the solution. The former procedure gives insights into
the performance of the greedy compared to CPLEX. More detailed statistics are as well
available in Chapter 6.

5.7 Parameters for Heuristics

Following the de�nitions in Sections 3 and 4, Tables 5.2 and 5.3 report the parameters set
for heuristics used in simulations.
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5 � Implementation and simulations

Table 5.1: Tracked indexes in simulations

# ACTUAL CPLEX GREEDY

LB x x x
Optimal O.F. value - - -
Solution status x x
O.F. value x x x
O.F. % improvement x x
CPLEX O.F. with TL =GreedyTime x
Greedy improvement with swaps x
Number of active con�icts

in the last generated �rst round x x x
in the last whole tournament generated x x x

Average number of active con�icts
in every �rst round generated x x
in every whole tournament generated x x

Active con�icts measure
in the last generated �rst round x x x
in the last whole tournament generated x x x

Average measure of active con�icts
in every �rst round generated x x
every whole tournament generated x x

Table 5.2: Parameters for heuristic A

Parameter Value

tL 10s
� 10
max_�xed bucketj :size() � 0:8
� m 0.45
� M 0.55

Table 5.3: Parameters for heuristic B

Parameter Value

TL 120s
tL 7s
kbranch n � 0:2 = 25
� 1.1
� m 0.35
� M 0.65
ni � limit 4
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Chapter 6

Computational testing

6.1 Matrix H

Some statistics and graphics from the 4 H-matrixes generated for the four Grand Slams
of 2017 are reported in the following section. The rules for generation and attribution of
h values are the ones reported in Section 5.2. Table 6.1 sums up several key parameters
for matrixes H. Among those, the number of nodes having a degree in one of the ranges
speci�ed in heuristics - as of Algorithms in 3 and 4 - and the average weighted degree.

Table 6.1: Overview for matrixes H

# RG WI US AUS

Average degree 25.66 22.53 22.47 24.14
Average weighted degree 97.30 84.01 87.16 88.93
Number of Q and LL 17 17 18 17
Max h in H 15.00 17.00 17.00 15.00
Max degreeMD 54 46 47 48
Max weighted degree 217.50 183.50 191.00 201.00
Nodes with degree in[0:35MD; 0:65MD ] 66.00 39.00 48.00 53.00
Nodes with degree in[0:45MD; 0:55MD ] 14.00 14.00 18.00 14.00

6.1.1 Degree distributions

By looking at the Figures in 6.1, peaks on0 are related to quali�ed players, which have no
connections with other players. Moreover, the distribution of degrees and weighted degrees
in tournaments seem to follow a normal distribution. Despite no deep investigations have
been made, the Figures in 6.2 report the �t of those distributions with the normal one.
By virtually excluding quali�ed players and the most connected ones, we obtain a good
�t for the remaining players.
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6 � Computational testing

(a) Roland Garros (b) Wimbledon

(c) US Open (d) Australian Open

Figure 6.1: Distributions for degrees of players in Grand Slams of 2017
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6 � Computational testing

(a) Roland Garros (b) Wimbledon

(c) US Open (d) Australian Open

Figure 6.2: Fit to normal distribution for degree and weighted degree distributions in
Grand Slams of 2017.
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6 � Computational testing

6.1.2 Graphs

The Figures in 6.3 represent matrix H with a circular graph. The complexity of the four
tournaments is graphically evident because of the density of connections. Most of the
players entertain several connections - or con�icts - with many others. Moreover, quali�ed
players are easy to spot as they do not have con�icts. In order to report a graph similar
to the one introduced with the max-cut problem in Section 3.1, Figure 6.4 represents a
graph for the whole Wimbledon tournament. The unconnected nodes around the main
agglomerate are quali�ed players, while the ones with names are the most connected ones.
In particular, they are the one with a weighted degree in the top67th percentile.

6.2 Grand Slam Tournaments results

The subsections above report results from simulations in which the CPLEX solution is the
optimal one . Results reported in column ACT are for the actual tournament, CPLEX
for the optimal solution from the solver, GREEDY from the one built up with the greedy
algorithm. Values in parenthesis refer to the improvement - or worsening if negative - of
the given index in comparison to the actual tournament.
Moreover, values for ACT across rows always refer to the real tournament. Therefore,
even if they are reported as "average" they refer to the only real tournament.

Table 6.2: Roland Garros results

ACT CPLEX GREEDY

LB 142.0 142.0 142.0
Time - 4,186.28s 1.88s
CPLEX O.F. with TL=GreedyTime � 885.0 821.5
O.F. 1429.5 803.5 (43.79%) 821.5 (42.53%)
Greedy improvement with swaps - - 47.5
Solution status - Optimal Feasible
Average indexes | s=16
Number of con�icts in the 1st round 11 8 7.69
Measure of con�icts in the 1st round 41.5 25.72 (38.03%) 24.47 (41.04%)
Number of con�icts in the tournament 32 25.25 25.56
Measure of con�icts in the tournament 122.0 62.25 (48.98%) 63.38 (48.05%)
Last simulation indexes
Number of con�icts in the 1st round 11 9 7
Measure of con�icts in the 1st round 41.5 25.5 (38.55%) 14.5 (65.06%)
Number of con�icts in the tournament 32 28 21
Measure of con�icts in the tournament 122.0 57 (53.28%) 35.5 (70.9%)

The results in the tables illustrate remarkable reductions of the con�icts . The
most interesting result derives from the greedy algorithm , which is noticeably faster
than any solver instance or heuristic. Moreover, there is some interesting evidence about
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