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Optimization

Learning

Algorithmic Game 
Theory
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Network Congestion



Network Formation Game

There are  players optimizing simultaneously the 
shortest path on a graph  so that: 

• The player  needs to go from  to  

•  if the player  selects the edge 

n
G = (V, E)

i si ti
xie = 1 i e ∈ E
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Network Congestion

<latexit sha1_base64="Vd+zst5phr4cSkytVxAogp7Lgg0="></latexit>

min
xi

{ui(xi;x�i) : xi 2 Xi}

e

si

ti

Time

A regulator observes the outcome of the interaction but does not know 
some utilities/actions

A regulator wants to intervene in the game



Network Formation Game
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Network Congestion

A regulator observes the outcome of the interaction but does not know 
some utilities/actions

A regulator wants to intervene in the game
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Decision-making is rarely an individual task
Self-driven interactions with other decision-makers
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Decision-making is rarely an individual task
Self-driven interactions with other decision-makers

Self-driven behavior often conflicts with societal goals

We consider the perspective of an external regulator

External regulators should learn the agents’ preferences and intervene
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Decision-making is rarely an individual task

Learn the 
Parameters

Intervene in 
“complex” 

settings

Some information regarding the players’ 
optimization problems is missing

Select Nash equilibria when players solve mixed-
integer optimization problems

External regulators should learn the agents’ preferences and intervene



Learning Rationality in 
Potential Games
Stefan Clarke, Bartolomeo Stellato, and Jaime Fernandez Fisac 
(Princeton University, USA)

Learn the 
Parameters
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The utility  is convex-quadratic in , andui x

There exists a convex-quadratic potential function
<latexit sha1_base64="2rbvOjMu2F6eeQCsdh4hKvSwceU="></latexit>

�(x; ✓, µ)

A set of unknown rationality parameters Known and observable context parameters

Problem setup

<latexit sha1_base64="BM7bOhoBC1DJPHvZT5HdynTfFW8="></latexit>

min
xi

ui(xi;x�i, ✓, µ)

s.t. xi 2 Xi = {Bi(✓, µ)xi +Di(✓, µ)x�i  bi(✓, µ)}

Simultaneous and non-cooperative game where  solvesi = 1,…, n
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Inverse equilibrium task  
Estimate  so that it predicts the Nash equilibria θ x̄k

Our approach

<latexit sha1_base64="BM7bOhoBC1DJPHvZT5HdynTfFW8="></latexit>

min
xi

ui(xi;x�i, ✓, µ)

s.t. xi 2 Xi = {Bi(✓, µ)xi +Di(✓, µ)x�i  bi(✓, µ)}

Simultaneous and non-cooperative game where  solvesi = 1,…, n

Data Our Algorithm Parameters

We observe data                               with equilibria and context
<latexit sha1_base64="6TfRdjRQnmZnXNYKQyTpuvegIjI="></latexit>

D = {(x̄k, µ̄k)}Kk=1
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The three ingredients

Potentiality1 Nash equilibria:
<latexit sha1_base64="kpVnGucGuJy0kaRny97Sgm4KMiw="></latexit>

min
x

{�(x; ✓, µ) : xi 2 Xi, i = 1, . . . , n}

2 Learning  
Problem

<latexit sha1_base64="8I1lLgEQ8I/iXwFBWrf4fW/hU3Y="></latexit>

min
xk,�k,✓

(1/K)
PK

k=1 kxk � x̄kk22

subject to 0 = R(✓, µ̄k)xk + c(✓, µ̄k) +A(✓, µ̄k)T�k,

0  b(✓, µ̄k)�A(✓, µ̄k)xk ? �k � 0

xk 2 Rmn,�k 2 Rln
+ k = 1, . . . ,K,

✓ 2 ⇥.

Target is a Nash equilibrium,

 belongs to a set of feasible parametersθ

 L2 norm between target and prediction
<latexit sha1_base64="oCz4ss5OLXaDcfo3+KDGZG+bFzw="></latexit>

L(✓;D)
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The three ingredients

Potentiality1 Nash equilibria:
<latexit sha1_base64="kpVnGucGuJy0kaRny97Sgm4KMiw="></latexit>

min
x

{�(x; ✓, µ) : xi 2 Xi, i = 1, . . . , n}

<latexit sha1_base64="8I1lLgEQ8I/iXwFBWrf4fW/hU3Y="></latexit>

min
xk,�k,✓

(1/K)
PK

k=1 kxk � x̄kk22

subject to 0 = R(✓, µ̄k)xk + c(✓, µ̄k) +A(✓, µ̄k)T�k,

0  b(✓, µ̄k)�A(✓, µ̄k)xk ? �k � 0

xk 2 Rmn,�k 2 Rln
+ k = 1, . . . ,K,

✓ 2 ⇥.

2 Learning  
Problem
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The three ingredients

Potentiality1 Nash equilibria:
<latexit sha1_base64="kpVnGucGuJy0kaRny97Sgm4KMiw="></latexit>

min
x

{�(x; ✓, µ) : xi 2 Xi, i = 1, . . . , n}

<latexit sha1_base64="8I1lLgEQ8I/iXwFBWrf4fW/hU3Y="></latexit>

min
xk,�k,✓

(1/K)
PK

k=1 kxk � x̄kk22

subject to 0 = R(✓, µ̄k)xk + c(✓, µ̄k) +A(✓, µ̄k)T�k,

0  b(✓, µ̄k)�A(✓, µ̄k)xk ? �k � 0

xk 2 Rmn,�k 2 Rln
+ k = 1, . . . ,K,

✓ 2 ⇥.

2 Learning  
Problem

We would like to find a (local) minimum of the learning  
problem with a first-order method
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The three ingredients

3 Di!erentiation Since the previous formulation is non-convex:

• We di!erentiate             with respect to the 
parameters θ

<latexit sha1_base64="fMM5ftJChwKOueRWG9SH+ygTa2A="></latexit>

L(✓;D)

We employ                   to update our estimates of θ
<latexit sha1_base64="VGOwvm9O56LY9vzI59UlLy/8bm8="></latexit>

r✓L(✓;D)

• How? We fix the “tight” complementarity 
constraints to get a convex inner approximation 
of the learning problem

Active set, i.e., the set of indices of tight 
complementarity constraints

<latexit sha1_base64="g3Aq4Re3pfsp2FE39w4y98uEjdI="></latexit>

Z  {z : b(✓, µ̄k)z �A(✓, µ̄k)zx
k = 0}
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The Algorithm
INPUT Max iterations , step sizes , and dataT {η}T

t=1
<latexit sha1_base64="6TfRdjRQnmZnXNYKQyTpuvegIjI="></latexit>

D = {(x̄k, µ̄k)}Kk=1

Initialization1 Initial parameters θ(0)

Select2.1 Sample a data point (x̄k, μ̄k)

Play2.2
<latexit sha1_base64="kJBg6MVvi8cV4O93BKBKgxjUOHk="></latexit>

(xt,�t) min
x

{�(x; ✓(t), µ̄k) : xi 2 Xi(✓
(t), µ̄k) 8i}

2.3 Di!erentiate Compute
<latexit sha1_base64="VGOwvm9O56LY9vzI59UlLy/8bm8="></latexit>

r✓L(✓;D) on the current active set
<latexit sha1_base64="3BL7Dn5v6VzuBSB61u5r5t1g+E0="></latexit>

✓(t+1)  ✓(t) � ⌘tr✓Lt(x
(t))

OUTPUT θ(T)

Loop  
Times

T
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Convergence

The sampled gradient of the loss with respect to  converges to zeroθ(t)

With a careful choice of the active set at each iteration, the algorithm 
mimics a stochastic gradient descent with well-behaved derivates

Convergence

<latexit sha1_base64="Fu7iGMUSdL2JQFNdV9OP1oRjHCA="></latexit>

lim
T!1

E[krg(✓(T ))k2] = 0

Where  is a smoothened version of the lossg



Network Formation Game
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<latexit sha1_base64="dQ3IQh9T9tNzuXItV6zPMF9POCg="></latexit>

ui(xi;x�i, ✓, µ) =
P

e2E ✓>ielexie(x1e + · · ·+ xne)

Network Congestion

e

si

ti

Time

A set of unknown rationality parameters 

Personal preferences

Known and observable context parameters 

Tra"c, weather, road conditions



Network Formation Game

20

Network Congestion



Network Formation Game
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Dataset of 90 equilibria

Network Congestion

Test error

Iterations

We learn good estimates of the rationality parameters



Network Formation Game
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Cournot Games
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Our algorithm scales to large datasets



Network Formation Game
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Cournot Games
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Number of agents

Our algorithm scales to large datasets

Once we know the parameters… 
We would like to prescribe strategies
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Decision-making is rarely an individual task

Learn the 
Parameters

Intervene in 
“complex” 

settings

External regulators should learn the agents’ preferences and intervene



Integer Programming Games
Rosario Scatamacchia (Politecnico di Torino, Italy) and  
Margarida Carvalho (Universitè de Montréal, Canada),  
Andrea Lodi (Cornell Tech, USA), and  
Sriram Sankaranarayanan (IIM Ahmedabad, India)

Intervene in 
“complex” 

settings
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!
<latexit sha1_base64="ICjhmkfsrwCD9bwyLwuTQAkllS0="></latexit>

max
x1

6x11 + x12

s.t. 3x11 + 2x12  4

x1 2 {0, 1}2
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<latexit sha1_base64="ICjhmkfsrwCD9bwyLwuTQAkllS0="></latexit>

max
x1

6x11 + x12

s.t. 3x11 + 2x12  4

x1 2 {0, 1}2

"Their “profits” interact!

<latexit sha1_base64="XwYq6yqMRnHlsGMbiCJ7SddpCjk="></latexit>

max
x2

4x21 + 2x22

s.t. 2x21 + 3x22  4

x2 2 {0, 1}2

<latexit sha1_base64="qqOYob4UmKCwxHo/EanBY1ACvIg="></latexit>�4x11x21 + 6x12x22
<latexit sha1_base64="zslQ585MvLAl/ujp8JR8LpKGv6s="></latexit>�x21x11 � x22x12

Knapsack Games (Carvalho et al., 2022; D. and Scatamacchia, 2022), Critical Node Game (D. et al., 2023)
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And it can get more complex…



Facility Location and Design Game
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Sellers (players) compete for the demand of 
customers located in a given geographical 
area. Each player decides: 

• Where to open its selling facilities 
• What assortment to sell (i.e., what design) 

Aboolian et al. (2007),  
Cronert and Minner (2020), 

Budget

One facility per location

Share of customers’ demand

<latexit sha1_base64="dstvZ0nrfMswM/yDPs3BJtmQ9XU="></latexit>

max
xi

X

j2J

wj

P
l2L

P
r2Rl

uiljrxilrPn
k=1

P
l2L

P
r2Rl

ukljrxklr

s.t.
X

l2L

X

r2Rl

filrxilr  Bi

X

r2Rl

xilr  1 8l 2 L,

xilr 2 {0, 1} 8l 2 L, 8r 2 Rl Integrality



What are these games?

30Köppe et al., (2011), Sagratella (2015), D. et al (2021), D. (2022)

An Integer Programming Game (IPG) is a simultaneous one-shot (static) game 
among  players where each player  solvesn i = 1,…, n

<latexit sha1_base64="8kzrDy4HUnrRKgoKe5Qen33/LM8="></latexit>

Xi := {Aixi  bi, xi 2 Z↵i ⇥ R�i}

<latexit sha1_base64="G6t8OsY8nuadj0HBjeXkrkcbcy4="></latexit>

min
xi

{ui(xi;x�i) : xi 2 Xi}

There is common knowledge of rationality, i.e., each player is 
rational and there is complete information,
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Why?

Indivisible quantities, fixed production costs and logical 
disjunctions often require discrete variables 

Energy — Gabriel et al. (2013), David Fuller and Çelebi (2017)  
Supply Chain  — Anderson et al. (2017) 

Assortment-Price competitions — Federgruen and Hu (2015) 
Kidney Exchange Problems — Carvalho et al. (2017) 

Cybersecurity — Dragotto et al. (2023)

They extend traditional resource-allocation tasks and 
combinatorial optimization problems to a multi-agent setting

In general, they allow to model complex operational 
requirements in the players’ optimization problems

Flexible 
Modeling
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Nash equilibria

 is a Pure Nash Equilibrium (PNE) if, for any player ,x̄ = (x̄1, …, x̄n) i

Mixed strategies = randomizing over the convex-hull

<latexit sha1_base64="vcLcKJKMWoVkMzas73X6jDquGSQ="></latexit>

ui(x̄i, x̄�i)  ui(x̂i, x̄�i) 8x̂i 2 Xi

"i
<latexit sha1_base64="FqMfDDrp+TJoUAkiPmDjW0rHT/k="></latexit>

Xi

<latexit sha1_base64="xnMh2UAtBmdrOiqt1hGGwpJVITg="></latexit>

clconv(Xi)
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The goal? Zero Regrets

Flexible 
Modeling

Equilibria 
Computation

Equilibria 
Enumeration

Without assuming any specific structure of the game

Equilibria 
Selection

•Compute PoA/PoS? 
•Select (optimize over) a pure equilibrium? 
•Determine if one exists?
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The goal? Zero Regrets

Flexible 
Modeling

Equilibria 
Computation

Equilibria 
Enumeration

Equilibria 
Selection
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Type of Equilibrium

General Enumer. Select Pure Mixed Approx Notes

Zero Regrets ✅ ✅ ✅ ✅ ✅ ✅
Most e!cient, selection, 
existence, enumeration

Koeppe et al. (2011) ✅ ✅ ❌ ✅ ❌ ❌ No (practical) algorithm

Sagratella (2016) ✅ ✅ ❌ ✅ ❌ ❌ Convex payo!s

Del Pia et al. (2017) ❌ ❌ ❌ ✅ ❌ ❌ Problem-specific (unimodular)

Carvalho, D., Lodi, 
Sankaranarayanan (2020) ✅ ❌ ❌ ❌ ✅ ❌ Bilinear payo!s

Cronert and Minner (2021) ✅ ✅ ❌ ❌ ✅ ❌
No selection, expensive, 
existence?

Carvalho et al. (2022) ✅ ❌ ❌ ❌ ✅ ✅
No selection/enumeration, 
existence? 

Schwarze and Stein (2022) ✅ ✅ ❌ ✅ ❌ ❌ Expensive Branch-and-Prune
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Given an instance, compute a Nash equilibrium minimizing a function f(x1, …, xn)
Our Algorithm
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Given an instance, compute a Nash equilibrium minimizing a function f(x1, …, xn)
Our Algorithm

We can tractably optimize  over f
<latexit sha1_base64="o01rjkMSyo7dS/r9eBQx7vOIkOY=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovgKiRF+9gVBHFZwT6gCWEymbRDJ5MwMxFKKPRX3LhQxK3f4c6/cdpUUNEDFw7n3MucOUHKqFS2/WGsrK6tb2yWtsrbO7t7++bBYVcmmcCkgxOWiH6AJGGUk46iipF+KgiKA0Z6wfhq7vfuiZA04XdqkhIvRkNOI4qR0pJvHrupSEKfQjdGaoQRy/tTn/pmxbacptNsVGFB6rUladjQsewFKmCJtm++u2GCs5hwhRmScuDYqfJyJBTFjEzLbiZJivAYDclAU45iIr18EX8Kz7QSwigReriCC/X7RY5iKSdxoDfnIeVvby7+5Q0yFTW8nPI0U4Tj4qEoY1AlcN4FDKkgWLGJJggLqrNCPEICYaUbK+sSvn4K/yfdquXUrMvbi0rrelbUUQIn4BScAwfUQQvcgDboAAxy8ACewLMxMx6NF+O1WF0xlhUegR8w3j4BGGmWrQ==</latexit>Y

i

Xi

Practical assumptions

We can express  as a linear function in ui xi
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High-level idea

<latexit sha1_base64="gdWhXIsV6Jx2ic16sAE1AElNmMM="></latexit>

x̄ = arg min
x1,...,xn,z

{f(x, z) : (x, z) 2 K, (x, z) 2 �}Optimization2

3 Separation
<latexit sha1_base64="XN9pZSrkfO+EIh+RZPZF6box7co="></latexit>

x̃i = argmin
xi

{ui(xi, x̄�i) : Aixi  bi, x
i 2 R↵i ⇥ Z�i}

Else:  is the PNE maximizing x̄ f

      and goto
<latexit sha1_base64="aBjJ2dDo6PnQQzMQEvx13xHjAM8="></latexit>

� = � [ { ui(x̃i, x�i) � ui(xi, x�i) } 2

If there is a player  so that i ui(x̃i, x̄−i) ≤ ui(x̄i, x̄−i)

Initialization1
<latexit sha1_base64="szR4+vT8VRCFNQy+hLw89vsz0Fc="></latexit>

K = {(x, z) : x 2
Y

i

Xi, (x, z) 2 L}
<latexit sha1_base64="gdWZqwn8b/t7lgTgZW/tDgOV2bQ="></latexit>

� := {0  1}



An inequality is an equilibrium inequality if it is valid for the 
set of Nash equilibria

39

Why does it work?

Theorem (D. and Scatamacchia, 2022)

<latexit sha1_base64="h21xkC/RiUyd69wpgWVU5CwEbmE="></latexit>

P e := conv
⇣⇢

(x, z) 2 K :
ui(x̃i, x�i) � ui(xi, x�i)
8x̃ : x̃i 2 BR(i, x̃�i), i = 1, . . . , n

�⌘

(1)   is a polyhedron 
(2)  does not contain feasible “profiles” in its interior  
(3) The extreme points of  are pure Nash equilibria

Pe

Pe

Pe

<latexit sha1_base64="/b1mL8/9aEpp8irkmVZlAewPw/4="></latexit>

ui(x̃i, x�i) � ui(xi, x�i) 8x̃i 2 Xi



Applications
Applications Baselines Select Enumer. Improvement 

Knapsack Game Packing, Assortment 
Optimization

Carvalho, D., et al. (2021, 
2022) ❌ ❌ N.A.

Network Formation 
Games

Network design, the Internet, 
cloud infrastructure

Chen and Roughgarden 
(2006), Anshelevich, et al. 
(2008), Nisan et al. (2008)

✅ ❌ N.A.

Facility Location Games Retail, cloud service 
provisioning

Cronert and Minner (2021) ✅ ❌ >50x

Cybersecurity Ericsson Cloud Security D. et al. (2023) ✅ ❌ N.A.

Simultaneous-Bilevel 
Games Energy, Insurance, Carvalho, D., et al. (2022) ✅ ❌ N.A.



Network Formation Game

There are  players optimizing simultaneously the 
shortest path on a graph  so that: 

• The player  needs to go from  to  

•  if player  selects the edge  

•  are linear flow constraints for the path  

• The player  has a weight  

• Players share the cost  of building 

n
G = (V, E)

i si ti
xie = 1 i e ∈ E
<latexit sha1_base64="glERMWMM9Cyp1qQi/jdMAxoNGcQ=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBFcDTNF+9gVBHFZwT6gHUomzbShmcyYZAplKPgXblwo4taPceffmGkrqOiBC4dz7iUnx485U9pxPqyV1bX1jc3cVn57Z3dvv3Bw2FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P77M/PaESsUicaunMfVCPBQsYARrI3m9EOsRwTztzPqsXyg6tltza9USWpBKeUmqDnJtZ44iLNHoF957g4gkIRWacKxU13Vi7aVYakY4neV7iaIxJmM8pF1DBQ6p8tJ56Bk6NcoABZE0IzSaq98vUhwqNQ19s5mFVL+9TPzL6yY6qHopE3GiqSCLh4KEIx2hrAE0YJISzaeGYCKZyYrICEtMtOkpb0r4+in6n7RKtlu2L27Oi/Wr+0UdOTiGEzgDFypQh2toQBMI3MEDPMGzNbEerRfrdbG6Yi0rPIIfsN4+AcQDkzM=</latexit>

Xi si → ti
i wi

ce e

41

Network Formation

e

si

ti
ce



Network Formation Game

42

G = (V, E)

A few remarks 

• No algorithms to select equilibria in arbitrary NFGs 

• Several bounds on  in some specific instances 

• We consider the weighted version with 

PoS/PoA

n = 3

<latexit sha1_base64="66fFm7xNxchG86fNKUyqdeaN+bk="></latexit>

min
xi

{
X

e2E

wicexiePn
k=1 wkxke

: xi 2 Xi}.

Network Formation

e

si

ti
ce



Network Formation Game

43

A
ve

ra
ge

 T
im

e 
(s

)

0.00

175.00

350.00

525.00

700.00
Pr

ic
e 

of
 S

ta
bi

lit
y

1.03

1.04

1.06

1.07

Number of nodes
50-100 150-200 250-300 350-400 450-500

PoS Time (s) Time 1st (s)

4.926

118.058

9.3520.6810.038

643.52

354.43

37.81
1.960.04

Network Formation



Summing up
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Optimization

Learning

Algorithmic Game 
Theory



Summing up
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Optimization

Learning

Algorithmic  
Game Theory

Model complex and hierarchical structure of 
interactions among agents

Learn games’ parameters from data

Prescribe e!ective regulatory interventions



Learning Rationality in Potential Games

The Zero Regrets Algorithm

Integer Programming Games: A Gentle Computational 
Introduction

INFORMS 2023 TutORial - October 2023

2303:11188

2111.06382
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Or even hierarchical
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Simultaneous  
Game

When Nash Meets Stackelberg (Carvalho, D., et al., 2022)

Sequential  
Games



Knapsack Game
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Knapsack Game
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PoS Time (s) Time 1st (s)

666.13

110.3289.35
1.04

63.35
3.30.450.07

1400.32

548.80

342.36

10.11

475.49

18.902.350.19


