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What are IPGs?
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Commuting 



Network Formation Game

There are  players simultaneously optimizing the 
shortest path on a network

n
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Congestion Games

<latexit sha1_base64="sizfokeHATx3vJvcuMxrQTX+y1I="></latexit>

min
xi

{ui(xi;x�i) : xi 2 X i}

Choices of player i

Choices of other players

How do we algorithmically compute  
a stable outcome?



Multi-agent Assortment
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<latexit sha1_base64="xQ3Kc/LiQXxC8XZeaUyBBeEFEZQ="></latexit>

maximize
x1

x1
1 + 2x1

2

s.t. 3x1
1 + 4x1

2  5,

x1 2 {0, 1}2
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<latexit sha1_base64="xQ3Kc/LiQXxC8XZeaUyBBeEFEZQ="></latexit>

maximize
x1

x1
1 + 2x1

2

s.t. 3x1
1 + 4x1

2  5,

x1 2 {0, 1}2

🍎

🍎

🧀

🧀



10

<latexit sha1_base64="xQ3Kc/LiQXxC8XZeaUyBBeEFEZQ="></latexit>

maximize
x1

x1
1 + 2x1

2

s.t. 3x1
1 + 4x1

2  5,

x1 2 {0, 1}2

Their “profits” interact

<latexit sha1_base64="lqEVDMWNJXX+BdMX1wwek552e2k="></latexit>

maximize
x2

3x2
1 + 5x2

2

s.t. 2x1
1 + 5x1

2  5,

x2 2 {0, 1}2

Knapsack Games (C. et al., 2022; D. and Scatamacchia, 2022), Critical Node Game (D. et al., 2023)

🍎

🍎

🧀

🧀

🍏

🍏

🍫

🍫
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<latexit sha1_base64="xQ3Kc/LiQXxC8XZeaUyBBeEFEZQ="></latexit>

maximize
x1

x1
1 + 2x1

2

s.t. 3x1
1 + 4x1

2  5,

x1 2 {0, 1}2

Their “profits” interact

<latexit sha1_base64="lqEVDMWNJXX+BdMX1wwek552e2k="></latexit>

maximize
x2

3x2
1 + 5x2

2

s.t. 2x1
1 + 5x1

2  5,

x2 2 {0, 1}2

<latexit sha1_base64="kUvjXT5IQmCPJn46+jLcACnMi8M=">AAACBHicdVDLSgMxFM3UV62vqstugkVw0zIZtY9dQRCXFewD6nTIpGkbmnmQZKRlKOjGX3HjQhG3foQ7/8ZMW0FFD1w495wbcu9xQ86kMs0PI7W0vLK6ll7PbGxube9kd/eaMogEoQ0S8EC0XSwpZz5tKKY4bYeCYs/ltOWOzhK/dUOFZIF/pSYhtT088FmfEay05GRzBWiNu8hB467lIFg4ThoraSzoZPNmEVVRtWLBOSmXFqRiQlQ0Z8iDBepO9v26F5DIo74iHEvZQWao7BgLxQin08x1JGmIyQgPaEdTH3tU2vHsiCk81EoP9gOhy1dwpn5/EWNPyonn6kkPq6H87SXiX14nUv2KHTM/jBT1yfyjfsShCmCSCOwxQYniE00wEUzvCskQC0yUzi2jQ/i6FP5PmlYRlYqnlyf52vntPI40yIEDcAQQKIMauAB10AAE3IEH8ASejXvj0XgxXuejKWMR4T74AePtE9e0liE=</latexit>

�2x1
1x

2
1 � 3x1

2x
2
2

<latexit sha1_base64="ZXiQdeDBk90mKyNl4G2w2IeyW5A=">AAACBHicdVDLSgMxFM3UV62vUZfdBIvgpmUy9LkrCOKygn1AH0MmTdvQzIMkIy2loBt/xY0LRdz6Ee78GzNtBRU9cOHcc27IvccNOZPKsj6MxNr6xuZWcju1s7u3f2AeHjVkEAlC6yTggWi5WFLOfFpXTHHaCgXFnstp0x2fx37zhgrJAv9aTUPa9fDQZwNGsNKSY6azsDDp2Q6a9JCDYDYfN3bc2NAxM1YOVVClbMMlKRVXpGxBlLMWyIAVao753ukHJPKorwjHUraRFaruDAvFCKfzVCeSNMRkjIe0ramPPSq7s8URc3iqlT4cBEKXr+BC/f5ihj0pp56rJz2sRvK3F4t/ee1IDcrdGfPDSFGfLD8aRByqAMaJwD4TlCg+1QQTwfSukIywwETp3FI6hK9L4f+kYedQMVe4ymeqF7fLOJIgDU7AGUCgBKrgEtRAHRBwBx7AE3g27o1H48V4XY4mjFWEx+AHjLdP3iGWJQ==</latexit>

�5x2
1x

1
1 � 4x2

2x
1
2

Knapsack Games (C. et al., 2022; D. and Scatamacchia, 2022), Critical Node Game (D. et al., 2023)

🍎

🍎

🧀

🧀

🍎 🧀 🍎 🧀🍏🍏 🍏

🍏

🍫

🍫

🍫🍫



0 0 0 0 0 0

1 0 0 0 1 0

0 1 0 0 2 0

0 0 1 0 0 3

0 0 0 1 0 5

1 0 1 0 -1 -2

0 1 0 1 -1 -1

0 1 1 0 2 3

1 0 0 1 1 5
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Stable solutions
<latexit sha1_base64="AiJrMinsthD08McSgL8RXe/j3Cc="></latexit>

maximize
x12{0,1}2

x1
1 + 2x1

2 � 2x1
1x

2
1 � 3x1

2x
2
2

s.t. 3x1
1 + 4x1

2  5,

<latexit sha1_base64="6KIOgojt2JRabN9GaLBC02XYGEQ="></latexit>

maximize
x22{0,1}2

3x2
1 + 5x2

2 � 5x2
1x

1
1 � 4x2

2x
1
2

s.t. 2x1
1 + 5x1

2  5,

Three feasible strategies for each player: 
   

<latexit sha1_base64="EOb5ihKaqdpDFNnwq8EPFCAncD8="></latexit>

(xi
1, x

i
2) 2 {(0, 0), (0, 1), (1, 0)}

x1
1 x1

2 x2
1 x2

2

🧀 🍏🍎 🍫

But only two guarantee stability

🧀🍎 🍏 🍫

and
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Stable solutions
<latexit sha1_base64="AiJrMinsthD08McSgL8RXe/j3Cc="></latexit>

maximize
x12{0,1}2

x1
1 + 2x1

2 � 2x1
1x

2
1 � 3x1

2x
2
2

s.t. 3x1
1 + 4x1

2  5,

<latexit sha1_base64="6KIOgojt2JRabN9GaLBC02XYGEQ="></latexit>

maximize
x22{0,1}2

3x2
1 + 5x2

2 � 5x2
1x

1
1 � 4x2

2x
1
2

s.t. 2x1
1 + 5x1

2  5,

🍎 🍫

But only two guarantee stability

Players cannot profitably deviate:

• If blue plays 🧀, it would get -1 instead of 2 
• If red plays 🍫, it would get -1 instead of 3

x1
1 x1

2 x2
1 x2

2

0 0 0 0 0 0

1 0 0 0 1 0

0 1 0 0 2 0

0 0 1 0 0 3

0 0 0 1 0 5

1 0 1 0 -1 -2

0 1 0 1 -1 -1

0 1 1 0 2 3

1 0 0 1 1 5

🧀🍎 🍏 🍫



Energy Markets



🌊☀

SolarCorp Inc. Hydro Inc.

Simultaneous  
Game

15

“Cournot Game”



🇨🇦
Canada taxes and regulates the production

16

🌊☀

SolarCorp Inc. Hydro Inc.

Simultaneous  
Game



🇨🇦
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Sequential 
“Stackelberg” Game

🌊☀

SolarCorp Inc. Hydro Inc.

Simultaneous  
Game



🇨🇦

🌊☀

🇺🇸

🏭⚡

Canada U.S.

This is a simultaneous game among bilevel (i.e., sequential) programs

18

Simultaneous  
Game

When Nash Meets Stackelberg (C. et al., 2022)
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And it can get more complex…



Network Formation Game
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And it get more complex…

Supply Chain and 
Transportation

Simultaneous game 
among  “bilevel” players

C. et al., 2023  

(Management Science)

Cronert and Minner, 2021  (OR, TR-B) 

Sagratella et al., 2020 (EJOR) 

C. et al., 2018 (IJ Production Economics) 

Cybersecurity

D. et al., 2023  

(Ericsson Inc, - Patent pending)
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Decision-making is rarely an individual task
It involves the mutual interaction of several self-interested agents and 

their individual preferences
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Decision-making is rarely an individual task
What if agents (players) decide by solving mixed-integer optimization problems?



The Toolkit: Integer Programming Games

23Köppe et al., 2011, Sagratella, 2015

An Integer Programming Game (IPG) is a simultaneous one-shot (static) game 
among  players where each player  solvesn i = 1,…, n

<latexit sha1_base64="Jeu9C53gjPSV0Y1HTdrW3x9zBVs="></latexit>

max
xi

{f i(xi;x�i) : xi 2 X i}

There is common knowledge of rationality, i.e., each player is 
rational and there is complete information

<latexit sha1_base64="6l2PeAudi4uM25H70qPaLIAJ/3Q="></latexit>

X i := {gi(xi)  bi, xi 2 Z↵i

⇥ R�i

}
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Stable solutions: Nash equilibria

 is a Pure Nash Equilibrium (PNE) if, for any player ,x̄ = (x̄1, …, x̄n) i
<latexit sha1_base64="mHdJuaOoVcrKnypCR2N0ajL0Kuw="></latexit>

f i(x̄i, x̄�i) � f i(x̂i, x̄�i) 8x̂i 2 X i

Mixed Nash 
equilibrium 

Players randomize over their pure strategies 

i.e., probability distribution over 
<latexit sha1_base64="WV6AmRdxVI4rv8xwJ8ftZoLoCNA=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapgp2seuIIjLCvYB7VgyaaYNzTxMMoUyFPwLNy4UcevHuPNvzHQqqOiBC4dz7iUnx404k8qyPozcyura+kZ+s7C1vbO7V9w/aMswFoS2SMhD0XWxpJwFtKWY4rQbCYp9l9OOO7lI/c6UCsnC4EbNIur4eBQwjxGstOT0fazGBPOkO79lg2LJMu26Xa+VUUaqlSWpWcg2rQVKsERzUHzvD0MS+zRQhGMpe7YVKSfBQjHC6bzQjyWNMJngEe1pGmCfSidZhJ6jE60MkRcKPYFCC/X7RYJ9KWe+qzfTkPK3l4p/eb1YeTUnYUEUKxqQ7CEv5kiFKG0ADZmgRPGZJpgIprMiMsYCE6V7KugSvn6K/iftsmlXzPPrs1Lj8j6rIw9HcAynYEMVGnAFTWgBgTt4gCd4NqbGo/FivGarOWNZ4SH8gPH2CcJ+kzI=</latexit>

X i

Approximate  
equilibrium

Players can deviate up to an  
e.g., relative or absolute deviation

ϵ
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PNEs and MNEs (C. et al., 

1. Deciding if an IPG has a pure equilibrium is Σp
2-complete

2. Deciding if an IPG has a mixed equilibrium is Σp
2-complete

3. If  is finite for any player , there exists a mixed equilibrium
<latexit sha1_base64="KQGOa19W5P9fh9GO8Z/y2uvKUpw=">AAAB9HicdZBLSwMxFIVv6qvWV9Wlm2ARXJUZ8bUsCOKygn1AO5ZMmmlDM5kxyRTKUPBfuHGhiFt/jDv/jZk+wOeFwOGcG3Ly+bHg2jjOB8otLC4tr+RXC2vrG5tbxe2duo4SRVmNRiJSTZ9oJrhkNcONYM1YMRL6gjX8wUWWN4ZMaR7JGzOKmReSnuQBp8RYy2uHxPQpEWlzfMs7xZJbdiaD/xclmE21U3xvdyOahEwaKojWLdeJjZcSZTgVbFxoJ5rFhA5Ij7WslCRk2ksnpcf4wDpdHETKHmnwxP16IyWh1qPQt5tZSf0zy8y/slZignMv5TJODJN0+lCQCGwinBHAXa4YNWJkBaGK266Y9oki1FhOBQvBmX/5t5hDqB+V3dPyyfVxqXJ5P8WRhz3Yh0Nw4QwqcAVVqAGFO3iAJ3hGQ/SIXtDrdDWHZgh34dugt09B2pLX</latexit>

X i i

Stable solutions: Nash equilibria

 is a Pure Nash Equilibrium (PNE) if, for any player ,x̄ = (x̄1, …, x̄n) i
<latexit sha1_base64="mHdJuaOoVcrKnypCR2N0ajL0Kuw="></latexit>

f i(x̄i, x̄�i) � f i(x̂i, x̄�i) 8x̂i 2 X i
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Why?
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Decision-making is rarely an individual task
What if agents (players) decide by solving mixed-integer optimization problems?

Modeling 
Capabilities

Practical 
Impact

Informative 
Solutions
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Modeling 
Capabilities

Indivisible quantities, fixed-charge costs and logical 
implications often require discrete variables 

Energy — Gabriel et al., 2013, David Fuller and Çelebi, 2017  
Supply Chain  — Anderson et al., 2017 

Assortment-Price competitions — Federgruen and Hu, 2015 
Kidney Exchange Problems — C. et al., 2017 

Cybersecurity — D. et al., 2023

They extend traditional resource-allocation tasks and 
combinatorial optimization problems to a multi-agent setting

Why? Modeling Capabilities
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Why? Informative Contents of Equilibria

Informative 
Solutions

“Designers therefore cannot work only with the simple conceptual 
models used for theoretical insights into the general working of 

markets. Instead, market design calls for an engineering approach. 
 

Experimental and computational economics are natural 
complements to game theory in the work of design.”
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How?



The bad news: non-convexity

31

<latexit sha1_base64="6l2PeAudi4uM25H70qPaLIAJ/3Q="></latexit>

X i := {gi(xi)  bi, xi 2 Z↵i

⇥ R�i

}

Historically, convexity played a central role 
in shedding light on the existence and 

computation of Nash equilibria
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State-of-the-art

Payoff Types Constraints

Convex payoffs Bounded Convex Integer

Separable Payoffs Bounded Mixed-Integer 
Linear

Quadratic Payoffs Bounded Convex-Integer

Separable Payoffs Polyhedral Convex-hull

Separable Payoffs Bounded Pure-Integer

Linearizable Payoffs Bounded Mixed-Integer 
Linearizable

<latexit sha1_base64="hrCVtd2VXM2EY6VdAQWTyZ6WOQM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkN5nULCOIxojGBZA2zk9lkyOzsMjMrhCXgD3jxoIhXv8ibf+PkgaixoKGo6qa7y485U9pxPq3Myura+kZ2M7e1vbO7l98/uFVRIgltkohHsu1jRTkTtKmZ5rQdS4pDn9OWPzqf+q17KhWLxI0ex9QL8UCwgBGsjXQd3LFevuDYbq1WrrjIsYslp1Z1kWs7M3yTAizQ6OU/uv2IJCEVmnCsVMd1Yu2lWGpGOJ3kuomiMSYjPKAdQwUOqfLS2akTdGKUPgoiaUpoNFN/TqQ4VGoc+qYzxHqo/npT8T+vk+ig6qVMxImmgswXBQlHOkLTv1GfSUo0HxuCiWTmVkSGWGKiTTo5E8LSy8vktmi7Zbt0dVaoXzzM48jCERzDKbhQgTpcQgOaQGAAj/AMLxa3nqxX623emrEWER7CL1jvX8SZjo4=</latexit>

f i <latexit sha1_base64="u+djo8BkIWSxVDTr+8HMTDjml4o=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgapgp9rUrCOKygn1AO5ZMmmlDMw+TTKEMBf/CjQtF3Pox7vwbM20RtR64cDjnXnJy3IgzqSzr08isrW9sbmW3czu7e/sH+cOjlgxjQWiThDwUHRdLyllAm4opTjuRoNh3OW2748vUb0+okCwMbtU0oo6PhwHzGMFKS07Px2pEME86szvWzxcs067VyhUbWWaxZNWqNrJNa45vUoAlGv38R28QktingSIcS9m1rUg5CRaKEU5nuV4saYTJGA9pV9MA+1Q6yTz0DJ1pZYC8UOgJFJqrPy8S7Es59V29mYaUf71U/M/rxsqrOgkLoljRgCwe8mKOVIjSBtCACUoUn2qCiWA6KyIjLDBRuqecLmHly6ukVTTtslm6uSjUrx4WdWThBE7hHGyoQB2uoQFNIHAPj/AML8bEeDJejbfFasZYVngMv2C8fwGVUZMS</latexit>

X i

Sagratella, 2016 Branching Method

C. et al., 2022 Sample Generation 
Method

Schwarze and Stein, 2022 Branch-and-Prune

C. et al., 2021 Cut-And-Play

Cronert and Minner, 2021 Exhaustive Sample 
Generation Method

D. and Scatamacchia, 
2023 Zero Regrets



Network Formation Game
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A 3-Phase Process

Approximations 
<latexit sha1_base64="zUfUTwmK3GfWOWxjQNcTOC1B//s=">AAAB/nicdZDLSgMxGIUz9VbrbVRcuQkWwdWQ3rssCOKygr1AZyyZTKYNzVxIMkIZCn0VNy4UcetzuPNtzLQVVPSHwOGcP+Tkc2POpELow8itrW9sbuW3Czu7e/sH5uFRV0aJILRDIh6Jvosl5SykHcUUp/1YUBy4nPbcyWWW9+6pkCwKb9U0pk6ARyHzGcFKW0PzxFaMezS1A6zGBPO0P5vdsaFZRFa5WkH1CkRWqd6ooaYWjTKqoQosWWgxRbCa9tB8t72IJAENFeFYykEJxcpJsVCMcDor2ImkMSYTPKIDLUMcUOmki/ozeK4dD/qR0CdUcOF+v5HiQMpp4OrNrKX8nWXmX9kgUX7TSVkYJ4qGZPmQn3CoIpixgB4TlCg+1QITwXRXSMZYYKI0sYKG8PVT+L/oljUfq3ZTLbau5ksceXAKzsAFKIEGaIFr0AYdQEAKHsATeDbmxqPxYrwuV3PGCuEx+DHG2yeW1Zb8</latexit>

X̃ i

Approximate

Nash equilibrium 
<latexit sha1_base64="44o6u0iIBGoUIXwHXMieadWqwgg=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4GnqyHwOCeIxgFkiG0NPpSZr0LHT3iGEI+AtePCji1e/x5t/YWQQVfVDweK+KqnpeLLjSGH9YmbX1jc2t7HZuZ3dv/yB/eNRWUSIpa9FIRLLrEcUED1lLcy1YN5aMBJ5gHW9yMfc7t0wqHoU3ehozNyCjkPucEm2kTt8jMr2bDfIFbBfLJVwtIWw71VoF1w2pFXEFl5Bj4wUKsEJzkH/vDyOaBCzUVBCleg6OtZsSqTkVbJbrJ4rFhE7IiPUMDUnAlJsuzp2hM6MMkR9JU6FGC/X7REoCpaaBZzoDosfqtzcX//J6ifbrbsrDONEspMtFfiKQjtD8dzTkklEtpoYQKrm5FdExkYRqk1DOhPD1KfqftIsmH7tyXS40Lu+XcWThBE7hHByoQQOuoAktoDCBB3iCZyu2Hq0X63XZmrFWER7DD1hvnyg+kI0=</latexit>

x̄

Play Improve

Point 
<latexit sha1_base64="44o6u0iIBGoUIXwHXMieadWqwgg=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4GnqyHwOCeIxgFkiG0NPpSZr0LHT3iGEI+AtePCji1e/x5t/YWQQVfVDweK+KqnpeLLjSGH9YmbX1jc2t7HZuZ3dv/yB/eNRWUSIpa9FIRLLrEcUED1lLcy1YN5aMBJ5gHW9yMfc7t0wqHoU3ehozNyCjkPucEm2kTt8jMr2bDfIFbBfLJVwtIWw71VoF1w2pFXEFl5Bj4wUKsEJzkH/vDyOaBCzUVBCleg6OtZsSqTkVbJbrJ4rFhE7IiPUMDUnAlJsuzp2hM6MMkR9JU6FGC/X7REoCpaaBZzoDosfqtzcX//J6ifbrbsrDONEspMtFfiKQjtD8dzTkklEtpoYQKrm5FdExkYRqk1DOhPD1KfqftIsmH7tyXS40Lu+XcWThBE7hHByoQQOuoAktoDCBB3iCZyu2Hq0X63XZmrFWER7DD1hvnyg+kI0=</latexit>

x̄

Refine some 
<latexit sha1_base64="zUfUTwmK3GfWOWxjQNcTOC1B//s=">AAAB/nicdZDLSgMxGIUz9VbrbVRcuQkWwdWQ3rssCOKygr1AZyyZTKYNzVxIMkIZCn0VNy4UcetzuPNtzLQVVPSHwOGcP+Tkc2POpELow8itrW9sbuW3Czu7e/sH5uFRV0aJILRDIh6Jvosl5SykHcUUp/1YUBy4nPbcyWWW9+6pkCwKb9U0pk6ARyHzGcFKW0PzxFaMezS1A6zGBPO0P5vdsaFZRFa5WkH1CkRWqd6ooaYWjTKqoQosWWgxRbCa9tB8t72IJAENFeFYykEJxcpJsVCMcDor2ImkMSYTPKIDLUMcUOmki/ozeK4dD/qR0CdUcOF+v5HiQMpp4OrNrKX8nWXmX9kgUX7TSVkYJ4qGZPmQn3CoIpixgB4TlCg+1QITwXRXSMZYYKI0sYKG8PVT+L/oljUfq3ZTLbau5ksceXAKzsAFKIEGaIFr0AYdQEAKHsATeDbmxqPxYrwuV3PGCuEx+DHG2yeW1Zb8</latexit>

X̃ i

The Approximate-Play-Improve cycle



Check if  is a Nash equilibriumx̄

Network Formation Game

34

A 3-Phase Process

Play2

3 Improve

Otherwise: return the Nash equilibrium x̄
     If not, refine at least a  and go to

<latexit sha1_base64="x75qreHotdagTv6a07G6qFj6llQ=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyEp2seuIIjLCvYBTSyTyaQdOnkwMxFKCPRX3LhQxK3f4c6/cdJUUNEDFw7n3MucOW7MqJCm+aGVVlbX1jfKm5Wt7Z3dPX3/oCeihGPSxRGL+MBFgjAakq6kkpFBzAkKXEb67vQy9/v3hAsahbdyFhMnQOOQ+hQjqaSRfmRLyjyS2gGSE4xYOsiyOzrSq6ZhtaxWswYL0qgvSdOElmEuUAVLdEb6u+1FOAlIKDFDQgwtM5ZOirikmJGsYieCxAhP0ZgMFQ1RQISTLuJn8FQpHvQjriaUcKF+v0hRIMQscNVmnlL89nLxL2+YSL/ppDSME0lCXDzkJwzKCOZdQI9ygiWbKYIwpyorxBPEEZaqsYoq4eun8H/SqxlW3bi4Oa+2r+ZFHWVwDE7AGbBAA7TBNeiALsAgBQ/gCTxrc+1Re9Fei9WStqzwEPyA9vYJwMWXGQ==</latexit>

X̃ i 2

Approximate1 Create : Approximate  with some set G̃
<latexit sha1_base64="WV6AmRdxVI4rv8xwJ8ftZoLoCNA=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapgp2seuIIjLCvYB7VgyaaYNzTxMMoUyFPwLNy4UcevHuPNvzHQqqOiBC4dz7iUnx404k8qyPozcyura+kZ+s7C1vbO7V9w/aMswFoS2SMhD0XWxpJwFtKWY4rQbCYp9l9OOO7lI/c6UCsnC4EbNIur4eBQwjxGstOT0fazGBPOkO79lg2LJMu26Xa+VUUaqlSWpWcg2rQVKsERzUHzvD0MS+zRQhGMpe7YVKSfBQjHC6bzQjyWNMJngEe1pGmCfSidZhJ6jE60MkRcKPYFCC/X7RYJ9KWe+qzfTkPK3l4p/eb1YeTUnYUEUKxqQ7CEv5kiFKG0ADZmgRPGZJpgIprMiMsYCE6V7KugSvn6K/iftsmlXzPPrs1Lj8j6rIw9HcAynYEMVGnAFTWgBgTt4gCd4NqbGo/FivGarOWNZ4SH8gPH2CcJ+kzI=</latexit>

X i
<latexit sha1_base64="x75qreHotdagTv6a07G6qFj6llQ=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyEp2seuIIjLCvYBTSyTyaQdOnkwMxFKCPRX3LhQxK3f4c6/cdJUUNEDFw7n3MucOW7MqJCm+aGVVlbX1jfKm5Wt7Z3dPX3/oCeihGPSxRGL+MBFgjAakq6kkpFBzAkKXEb67vQy9/v3hAsahbdyFhMnQOOQ+hQjqaSRfmRLyjyS2gGSE4xYOsiyOzrSq6ZhtaxWswYL0qgvSdOElmEuUAVLdEb6u+1FOAlIKDFDQgwtM5ZOirikmJGsYieCxAhP0ZgMFQ1RQISTLuJn8FQpHvQjriaUcKF+v0hRIMQscNVmnlL89nLxL2+YSL/ppDSME0lCXDzkJwzKCOZdQI9ygiWbKYIwpyorxBPEEZaqsYoq4eun8H/SqxlW3bi4Oa+2r+ZFHWVwDE7AGbBAA7TBNeiALsAgBQ/gCTxrc+1Re9Fei9WStqzwEPyA9vYJwMWXGQ==</latexit>

X̃ i

Compute a solution  to  by solving an optimization  
problem

x̄ G̃

INPUT A game  described by the payoffs  and the actions  G f i(xi; x−i)
<latexit sha1_base64="WV6AmRdxVI4rv8xwJ8ftZoLoCNA=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapgp2seuIIjLCvYB7VgyaaYNzTxMMoUyFPwLNy4UcevHuPNvzHQqqOiBC4dz7iUnx404k8qyPozcyura+kZ+s7C1vbO7V9w/aMswFoS2SMhD0XWxpJwFtKWY4rQbCYp9l9OOO7lI/c6UCsnC4EbNIur4eBQwjxGstOT0fazGBPOkO79lg2LJMu26Xa+VUUaqlSWpWcg2rQVKsERzUHzvD0MS+zRQhGMpe7YVKSfBQjHC6bzQjyWNMJngEe1pGmCfSidZhJ6jE60MkRcKPYFCC/X7RYJ9KWe+qzfTkPK3l4p/eb1YeTUnYUEUKxqQ7CEv5kiFKG0ADZmgRPGZJpgIprMiMsYCE6V7KugSvn6K/iftsmlXzPPrs1Lj8j6rIw9HcAynYEMVGnAFTWgBgTt4gCd4NqbGo/FivGarOWNZ4SH8gPH2CcJ+kzI=</latexit>

X i
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Phase 1: Approximate

Approximate1 Create : Approximate  with some set G̃
<latexit sha1_base64="WV6AmRdxVI4rv8xwJ8ftZoLoCNA=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapgp2seuIIjLCvYB7VgyaaYNzTxMMoUyFPwLNy4UcevHuPNvzHQqqOiBC4dz7iUnx404k8qyPozcyura+kZ+s7C1vbO7V9w/aMswFoS2SMhD0XWxpJwFtKWY4rQbCYp9l9OOO7lI/c6UCsnC4EbNIur4eBQwjxGstOT0fazGBPOkO79lg2LJMu26Xa+VUUaqlSWpWcg2rQVKsERzUHzvD0MS+zRQhGMpe7YVKSfBQjHC6bzQjyWNMJngEe1pGmCfSidZhJ6jE60MkRcKPYFCC/X7RYJ9KWe+qzfTkPK3l4p/eb1YeTUnYUEUKxqQ7CEv5kiFKG0ADZmgRPGZJpgIprMiMsYCE6V7KugSvn6K/iftsmlXzPPrs1Lj8j6rIw9HcAynYEMVGnAFTWgBgTt4gCd4NqbGo/FivGarOWNZ4SH8gPH2CcJ+kzI=</latexit>

X i
<latexit sha1_base64="x75qreHotdagTv6a07G6qFj6llQ=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyEp2seuIIjLCvYBTSyTyaQdOnkwMxFKCPRX3LhQxK3f4c6/cdJUUNEDFw7n3MucOW7MqJCm+aGVVlbX1jfKm5Wt7Z3dPX3/oCeihGPSxRGL+MBFgjAakq6kkpFBzAkKXEb67vQy9/v3hAsahbdyFhMnQOOQ+hQjqaSRfmRLyjyS2gGSE4xYOsiyOzrSq6ZhtaxWswYL0qgvSdOElmEuUAVLdEb6u+1FOAlIKDFDQgwtM5ZOirikmJGsYieCxAhP0ZgMFQ1RQISTLuJn8FQpHvQjriaUcKF+v0hRIMQscNVmnlL89nLxL2+YSL/ppDSME0lCXDzkJwzKCOZdQI9ygiWbKYIwpyorxBPEEZaqsYoq4eun8H/SqxlW3bi4Oa+2r+ZFHWVwDE7AGbBAA7TBNeiALsAgBQ/gCTxrc+1Re9Fei9WStqzwEPyA9vYJwMWXGQ==</latexit>

X̃ i

The approximation  should exhibit desirable properties (e.g., convexity)
<latexit sha1_base64="x75qreHotdagTv6a07G6qFj6llQ=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyEp2seuIIjLCvYBTSyTyaQdOnkwMxFKCPRX3LhQxK3f4c6/cdJUUNEDFw7n3MucOW7MqJCm+aGVVlbX1jfKm5Wt7Z3dPX3/oCeihGPSxRGL+MBFgjAakq6kkpFBzAkKXEb67vQy9/v3hAsahbdyFhMnQOOQ+hQjqaSRfmRLyjyS2gGSE4xYOsiyOzrSq6ZhtaxWswYL0qgvSdOElmEuUAVLdEb6u+1FOAlIKDFDQgwtM5ZOirikmJGsYieCxAhP0ZgMFQ1RQISTLuJn8FQpHvQjriaUcKF+v0hRIMQscNVmnlL89nLxL2+YSL/ppDSME0lCXDzkJwzKCOZdQI9ygiWbKYIwpyorxBPEEZaqsYoq4eun8H/SqxlW3bi4Oa+2r+ZFHWVwDE7AGbBAA7TBNeiALsAgBQ/gCTxrc+1Re9Fei9WStqzwEPyA9vYJwMWXGQ==</latexit>

X̃ i

Computing the equilibria in  is relatively easier compared to G̃ G

Outer Approximation Inner Approximation

<latexit sha1_base64="WV6AmRdxVI4rv8xwJ8ftZoLoCNA=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapgp2seuIIjLCvYB7VgyaaYNzTxMMoUyFPwLNy4UcevHuPNvzHQqqOiBC4dz7iUnx404k8qyPozcyura+kZ+s7C1vbO7V9w/aMswFoS2SMhD0XWxpJwFtKWY4rQbCYp9l9OOO7lI/c6UCsnC4EbNIur4eBQwjxGstOT0fazGBPOkO79lg2LJMu26Xa+VUUaqlSWpWcg2rQVKsERzUHzvD0MS+zRQhGMpe7YVKSfBQjHC6bzQjyWNMJngEe1pGmCfSidZhJ6jE60MkRcKPYFCC/X7RYJ9KWe+qzfTkPK3l4p/eb1YeTUnYUEUKxqQ7CEv5kiFKG0ADZmgRPGZJpgIprMiMsYCE6V7KugSvn6K/iftsmlXzPPrs1Lj8j6rIw9HcAynYEMVGnAFTWgBgTt4gCd4NqbGo/FivGarOWNZ4SH8gPH2CcJ+kzI=</latexit>

X i
<latexit sha1_base64="x75qreHotdagTv6a07G6qFj6llQ=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyEp2seuIIjLCvYBTSyTyaQdOnkwMxFKCPRX3LhQxK3f4c6/cdJUUNEDFw7n3MucOW7MqJCm+aGVVlbX1jfKm5Wt7Z3dPX3/oCeihGPSxRGL+MBFgjAakq6kkpFBzAkKXEb67vQy9/v3hAsahbdyFhMnQOOQ+hQjqaSRfmRLyjyS2gGSE4xYOsiyOzrSq6ZhtaxWswYL0qgvSdOElmEuUAVLdEb6u+1FOAlIKDFDQgwtM5ZOirikmJGsYieCxAhP0ZgMFQ1RQISTLuJn8FQpHvQjriaUcKF+v0hRIMQscNVmnlL89nLxL2+YSL/ppDSME0lCXDzkJwzKCOZdQI9ygiWbKYIwpyorxBPEEZaqsYoq4eun8H/SqxlW3bi4Oa+2r+ZFHWVwDE7AGbBAA7TBNeiALsAgBQ/gCTxrc+1Re9Fei9WStqzwEPyA9vYJwMWXGQ==</latexit>

X̃ i ⊇
<latexit sha1_base64="WV6AmRdxVI4rv8xwJ8ftZoLoCNA=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapgp2seuIIjLCvYB7VgyaaYNzTxMMoUyFPwLNy4UcevHuPNvzHQqqOiBC4dz7iUnx404k8qyPozcyura+kZ+s7C1vbO7V9w/aMswFoS2SMhD0XWxpJwFtKWY4rQbCYp9l9OOO7lI/c6UCsnC4EbNIur4eBQwjxGstOT0fazGBPOkO79lg2LJMu26Xa+VUUaqlSWpWcg2rQVKsERzUHzvD0MS+zRQhGMpe7YVKSfBQjHC6bzQjyWNMJngEe1pGmCfSidZhJ6jE60MkRcKPYFCC/X7RYJ9KWe+qzfTkPK3l4p/eb1YeTUnYUEUKxqQ7CEv5kiFKG0ADZmgRPGZJpgIprMiMsYCE6V7KugSvn6K/iftsmlXzPPrs1Lj8j6rIw9HcAynYEMVGnAFTWgBgTt4gCd4NqbGo/FivGarOWNZ4SH8gPH2CcJ+kzI=</latexit>

X i
<latexit sha1_base64="x75qreHotdagTv6a07G6qFj6llQ=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyEp2seuIIjLCvYBTSyTyaQdOnkwMxFKCPRX3LhQxK3f4c6/cdJUUNEDFw7n3MucOW7MqJCm+aGVVlbX1jfKm5Wt7Z3dPX3/oCeihGPSxRGL+MBFgjAakq6kkpFBzAkKXEb67vQy9/v3hAsahbdyFhMnQOOQ+hQjqaSRfmRLyjyS2gGSE4xYOsiyOzrSq6ZhtaxWswYL0qgvSdOElmEuUAVLdEb6u+1FOAlIKDFDQgwtM5ZOirikmJGsYieCxAhP0ZgMFQ1RQISTLuJn8FQpHvQjriaUcKF+v0hRIMQscNVmnlL89nLxL2+YSL/ppDSME0lCXDzkJwzKCOZdQI9ygiWbKYIwpyorxBPEEZaqsYoq4eun8H/SqxlW3bi4Oa+2r+ZFHWVwDE7AGbBAA7TBNeiALsAgBQ/gCTxrc+1Re9Fei9WStqzwEPyA9vYJwMWXGQ==</latexit>

X̃ i ⊆

However, the approximation often changes the structure of equilibria



Compute a solution  to  by solving an optimization  
problem

x̄ G̃
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Phase 2: Play

Compute a tentative equilibrium  for the approximated game x̄ G̃

Naturally depends on: the “desirable properties” of Phase 1

Play2

If  is convex, and  is concave in  —> Complementarity Problem 
<latexit sha1_base64="x75qreHotdagTv6a07G6qFj6llQ=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyEp2seuIIjLCvYBTSyTyaQdOnkwMxFKCPRX3LhQxK3f4c6/cdJUUNEDFw7n3MucOW7MqJCm+aGVVlbX1jfKm5Wt7Z3dPX3/oCeihGPSxRGL+MBFgjAakq6kkpFBzAkKXEb67vQy9/v3hAsahbdyFhMnQOOQ+hQjqaSRfmRLyjyS2gGSE4xYOsiyOzrSq6ZhtaxWswYL0qgvSdOElmEuUAVLdEb6u+1FOAlIKDFDQgwtM5ZOirikmJGsYieCxAhP0ZgMFQ1RQISTLuJn8FQpHvQjriaUcKF+v0hRIMQscNVmnlL89nLxL2+YSL/ppDSME0lCXDzkJwzKCOZdQI9ygiWbKYIwpyorxBPEEZaqsYoq4eun8H/SqxlW3bi4Oa+2r+ZFHWVwDE7AGbBAA7TBNeiALsAgBQ/gCTxrc+1Re9Fei9WStqzwEPyA9vYJwMWXGQ==</latexit>

X̃ i f i xi



Network Formation Game

37

Phase 3: Improve

3 Improve Check if  is a Nash equilibrium.x̄

Otherwise: return the Nash equilibrium x̄
     If not, refine at least a  and go to

<latexit sha1_base64="x75qreHotdagTv6a07G6qFj6llQ=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyEp2seuIIjLCvYBTSyTyaQdOnkwMxFKCPRX3LhQxK3f4c6/cdJUUNEDFw7n3MucOW7MqJCm+aGVVlbX1jfKm5Wt7Z3dPX3/oCeihGPSxRGL+MBFgjAakq6kkpFBzAkKXEb67vQy9/v3hAsahbdyFhMnQOOQ+hQjqaSRfmRLyjyS2gGSE4xYOsiyOzrSq6ZhtaxWswYL0qgvSdOElmEuUAVLdEb6u+1FOAlIKDFDQgwtM5ZOirikmJGsYieCxAhP0ZgMFQ1RQISTLuJn8FQpHvQjriaUcKF+v0hRIMQscNVmnlL89nLxL2+YSL/ppDSME0lCXDzkJwzKCOZdQI9ygiWbKYIwpyorxBPEEZaqsYoq4eun8H/SqxlW3bi4Oa+2r+ZFHWVwDE7AGbBAA7TBNeiALsAgBQ/gCTxrc+1Re9Fei9WStqzwEPyA9vYJwMWXGQ==</latexit>

X̃ i 2

“Separation theorem” on steroids for Nash equilibria

Answer two questions:

Is  a feasible strategy with respect to ?x̄i
<latexit sha1_base64="WV6AmRdxVI4rv8xwJ8ftZoLoCNA=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapgp2seuIIjLCvYB7VgyaaYNzTxMMoUyFPwLNy4UcevHuPNvzHQqqOiBC4dz7iUnx404k8qyPozcyura+kZ+s7C1vbO7V9w/aMswFoS2SMhD0XWxpJwFtKWY4rQbCYp9l9OOO7lI/c6UCsnC4EbNIur4eBQwjxGstOT0fazGBPOkO79lg2LJMu26Xa+VUUaqlSWpWcg2rQVKsERzUHzvD0MS+zRQhGMpe7YVKSfBQjHC6bzQjyWNMJngEe1pGmCfSidZhJ6jE60MkRcKPYFCC/X7RYJ9KWe+qzfTkPK3l4p/eb1YeTUnYUEUKxqQ7CEv5kiFKG0ADZmgRPGZJpgIprMiMsYCE6V7KugSvn6K/iftsmlXzPPrs1Lj8j6rIw9HcAynYEMVGnAFTWgBgTt4gCd4NqbGo/FivGarOWNZ4SH8gPH2CcJ+kzI=</latexit>

X i

Is  a feasible Nash equilibrium?x̄

If one answer is negative, it provides a “proof” 
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Check if  is a Nash equilibriumx̄

Otherwise: return the Nash equilibrium x̄
     If not, refine at least a  and go to

<latexit sha1_base64="x75qreHotdagTv6a07G6qFj6llQ=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyEp2seuIIjLCvYBTSyTyaQdOnkwMxFKCPRX3LhQxK3f4c6/cdJUUNEDFw7n3MucOW7MqJCm+aGVVlbX1jfKm5Wt7Z3dPX3/oCeihGPSxRGL+MBFgjAakq6kkpFBzAkKXEb67vQy9/v3hAsahbdyFhMnQOOQ+hQjqaSRfmRLyjyS2gGSE4xYOsiyOzrSq6ZhtaxWswYL0qgvSdOElmEuUAVLdEb6u+1FOAlIKDFDQgwtM5ZOirikmJGsYieCxAhP0ZgMFQ1RQISTLuJn8FQpHvQjriaUcKF+v0hRIMQscNVmnlL89nLxL2+YSL/ppDSME0lCXDzkJwzKCOZdQI9ygiWbKYIwpyorxBPEEZaqsYoq4eun8H/SqxlW3bi4Oa+2r+ZFHWVwDE7AGbBAA7TBNeiALsAgBQ/gCTxrc+1Re9Fei9WStqzwEPyA9vYJwMWXGQ==</latexit>

X̃ i 2

No player should deviate from  given x̄i x̄−i
<latexit sha1_base64="LesfWk1yrxoKxlELMKWM60qB/UE="></latexit>

x̃i = argmax
xi

{f i(xi, x̄�i) : xi 2 X i}
If                , then refine 

<latexit sha1_base64="x75qreHotdagTv6a07G6qFj6llQ=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyEp2seuIIjLCvYBTSyTyaQdOnkwMxFKCPRX3LhQxK3f4c6/cdJUUNEDFw7n3MucOW7MqJCm+aGVVlbX1jfKm5Wt7Z3dPX3/oCeihGPSxRGL+MBFgjAakq6kkpFBzAkKXEb67vQy9/v3hAsahbdyFhMnQOOQ+hQjqaSRfmRLyjyS2gGSE4xYOsiyOzrSq6ZhtaxWswYL0qgvSdOElmEuUAVLdEb6u+1FOAlIKDFDQgwtM5ZOirikmJGsYieCxAhP0ZgMFQ1RQISTLuJn8FQpHvQjriaUcKF+v0hRIMQscNVmnlL89nLxL2+YSL/ppDSME0lCXDzkJwzKCOZdQI9ygiWbKYIwpyorxBPEEZaqsYoq4eun8H/SqxlW3bi4Oa+2r+ZFHWVwDE7AGbBAA7TBNeiALsAgBQ/gCTxrc+1Re9Fei9WStqzwEPyA9vYJwMWXGQ==</latexit>

X̃ i
<latexit sha1_base64="2ZB2gFHq8KSVDXvVQZDMwwNBTb8=">AAACB3icdVDLSsNAFJ3UV62vqEtBBovgKiRF+9gVBHFZwT6giWUynbRDJ5MwMxFLKLhw46+4caGIW3/BnX/jpK2gogcuHM65l3vv8WNGpbLtDyO3sLi0vJJfLaytb2xumds7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7o9PMb18TIWnEL9U4Jl6IBpwGFCOlpZ657/pIpDeTKwpdHinKoRsiNcSIpR0t9syibTk1p1YtwRmplOekakPHsqcogjkaPfPd7Uc4CQlXmCEpu44dKy9FQlHMyKTgJpLECI/QgHQ15Sgk0kunf0zgoVb6MIiELq7gVP0+kaJQynHo687sSPnby8S/vG6igqqXUh4ninA8WxQkDKoIZqHAPhUEKzbWBGFB9a0QD5FAWOnoCjqEr0/h/6RVspyydXJxXKyf3c7iyIM9cACOgAMqoA7OQQM0AQZ34AE8gWfj3ng0XozXWWvOmEe4C37AePsEKm6amQ==</latexit>

x̄i /2 X i

Stability Step Membership Step

Is  a feasible strategy with respect to ?x̄i
<latexit sha1_base64="WV6AmRdxVI4rv8xwJ8ftZoLoCNA=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapgp2seuIIjLCvYB7VgyaaYNzTxMMoUyFPwLNy4UcevHuPNvzHQqqOiBC4dz7iUnx404k8qyPozcyura+kZ+s7C1vbO7V9w/aMswFoS2SMhD0XWxpJwFtKWY4rQbCYp9l9OOO7lI/c6UCsnC4EbNIur4eBQwjxGstOT0fazGBPOkO79lg2LJMu26Xa+VUUaqlSWpWcg2rQVKsERzUHzvD0MS+zRQhGMpe7YVKSfBQjHC6bzQjyWNMJngEe1pGmCfSidZhJ6jE60MkRcKPYFCC/X7RYJ9KWe+qzfTkPK3l4p/eb1YeTUnYUEUKxqQ7CEv5kiFKG0ADZmgRPGZJpgIprMiMsYCE6V7KugSvn6K/iftsmlXzPPrs1Lj8j6rIw9HcAynYEMVGnAFTWgBgTt4gCd4NqbGo/FivGarOWNZ4SH8gPH2CcJ+kzI=</latexit>

X iIs  a feasible Nash equilibrium?x̄

3 Improve

Phase 3: Improve

<latexit sha1_base64="ZT8j+zrcPspE4UsB/pNU3rB6zKs="></latexit>

f i(x̄i; x̄�i) < f i(x̃i; x̄�i)No iff



Check if  is a Nash equilibriumx̄
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A 3-Phase Process

Play2

3 Improve

Otherwise: return the Nash equilibrium x̄
     If not, refine at least a  and go to

<latexit sha1_base64="x75qreHotdagTv6a07G6qFj6llQ=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyEp2seuIIjLCvYBTSyTyaQdOnkwMxFKCPRX3LhQxK3f4c6/cdJUUNEDFw7n3MucOW7MqJCm+aGVVlbX1jfKm5Wt7Z3dPX3/oCeihGPSxRGL+MBFgjAakq6kkpFBzAkKXEb67vQy9/v3hAsahbdyFhMnQOOQ+hQjqaSRfmRLyjyS2gGSE4xYOsiyOzrSq6ZhtaxWswYL0qgvSdOElmEuUAVLdEb6u+1FOAlIKDFDQgwtM5ZOirikmJGsYieCxAhP0ZgMFQ1RQISTLuJn8FQpHvQjriaUcKF+v0hRIMQscNVmnlL89nLxL2+YSL/ppDSME0lCXDzkJwzKCOZdQI9ygiWbKYIwpyorxBPEEZaqsYoq4eun8H/SqxlW3bi4Oa+2r+ZFHWVwDE7AGbBAA7TBNeiALsAgBQ/gCTxrc+1Re9Fei9WStqzwEPyA9vYJwMWXGQ==</latexit>

X̃ i 2

Approximate1 Create : Approximate  with some set G̃
<latexit sha1_base64="WV6AmRdxVI4rv8xwJ8ftZoLoCNA=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapgp2seuIIjLCvYB7VgyaaYNzTxMMoUyFPwLNy4UcevHuPNvzHQqqOiBC4dz7iUnx404k8qyPozcyura+kZ+s7C1vbO7V9w/aMswFoS2SMhD0XWxpJwFtKWY4rQbCYp9l9OOO7lI/c6UCsnC4EbNIur4eBQwjxGstOT0fazGBPOkO79lg2LJMu26Xa+VUUaqlSWpWcg2rQVKsERzUHzvD0MS+zRQhGMpe7YVKSfBQjHC6bzQjyWNMJngEe1pGmCfSidZhJ6jE60MkRcKPYFCC/X7RYJ9KWe+qzfTkPK3l4p/eb1YeTUnYUEUKxqQ7CEv5kiFKG0ADZmgRPGZJpgIprMiMsYCE6V7KugSvn6K/iftsmlXzPPrs1Lj8j6rIw9HcAynYEMVGnAFTWgBgTt4gCd4NqbGo/FivGarOWNZ4SH8gPH2CcJ+kzI=</latexit>

X i
<latexit sha1_base64="x75qreHotdagTv6a07G6qFj6llQ=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyEp2seuIIjLCvYBTSyTyaQdOnkwMxFKCPRX3LhQxK3f4c6/cdJUUNEDFw7n3MucOW7MqJCm+aGVVlbX1jfKm5Wt7Z3dPX3/oCeihGPSxRGL+MBFgjAakq6kkpFBzAkKXEb67vQy9/v3hAsahbdyFhMnQOOQ+hQjqaSRfmRLyjyS2gGSE4xYOsiyOzrSq6ZhtaxWswYL0qgvSdOElmEuUAVLdEb6u+1FOAlIKDFDQgwtM5ZOirikmJGsYieCxAhP0ZgMFQ1RQISTLuJn8FQpHvQjriaUcKF+v0hRIMQscNVmnlL89nLxL2+YSL/ppDSME0lCXDzkJwzKCOZdQI9ygiWbKYIwpyorxBPEEZaqsYoq4eun8H/SqxlW3bi4Oa+2r+ZFHWVwDE7AGbBAA7TBNeiALsAgBQ/gCTxrc+1Re9Fei9WStqzwEPyA9vYJwMWXGQ==</latexit>

X̃ i

Compute a solution  to  by solving an optimization  
problem

x̄ G̃

INPUT A game  described by the payoffs  and the actions  G f i(xi; x−i)
<latexit sha1_base64="WV6AmRdxVI4rv8xwJ8ftZoLoCNA=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapgp2seuIIjLCvYB7VgyaaYNzTxMMoUyFPwLNy4UcevHuPNvzHQqqOiBC4dz7iUnx404k8qyPozcyura+kZ+s7C1vbO7V9w/aMswFoS2SMhD0XWxpJwFtKWY4rQbCYp9l9OOO7lI/c6UCsnC4EbNIur4eBQwjxGstOT0fazGBPOkO79lg2LJMu26Xa+VUUaqlSWpWcg2rQVKsERzUHzvD0MS+zRQhGMpe7YVKSfBQjHC6bzQjyWNMJngEe1pGmCfSidZhJ6jE60MkRcKPYFCC/X7RYJ9KWe+qzfTkPK3l4p/eb1YeTUnYUEUKxqQ7CEv5kiFKG0ADZmgRPGZJpgIprMiMsYCE6V7KugSvn6K/iftsmlXzPPrs1Lj8j6rIw9HcAynYEMVGnAFTWgBgTt4gCd4NqbGo/FivGarOWNZ4SH8gPH2CcJ+kzI=</latexit>

X i
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An example: Cut-and-Play

Play2

3 Improve

Otherwise: return the Nash equilibrium x̄

     If not, refine at an  via branching/cutting
<latexit sha1_base64="x75qreHotdagTv6a07G6qFj6llQ=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyEp2seuIIjLCvYBTSyTyaQdOnkwMxFKCPRX3LhQxK3f4c6/cdJUUNEDFw7n3MucOW7MqJCm+aGVVlbX1jfKm5Wt7Z3dPX3/oCeihGPSxRGL+MBFgjAakq6kkpFBzAkKXEb67vQy9/v3hAsahbdyFhMnQOOQ+hQjqaSRfmRLyjyS2gGSE4xYOsiyOzrSq6ZhtaxWswYL0qgvSdOElmEuUAVLdEb6u+1FOAlIKDFDQgwtM5ZOirikmJGsYieCxAhP0ZgMFQ1RQISTLuJn8FQpHvQjriaUcKF+v0hRIMQscNVmnlL89nLxL2+YSL/ppDSME0lCXDzkJwzKCOZdQI9ygiWbKYIwpyorxBPEEZaqsYoq4eun8H/SqxlW3bi4Oa+2r+ZFHWVwDE7AGbBAA7TBNeiALsAgBQ/gCTxrc+1Re9Fei9WStqzwEPyA9vYJwMWXGQ==</latexit>

X̃ i

Check if  is a Nash equilibriumx̄

2

Approximate1 Create : Approximate  with some polyhedron G̃
<latexit sha1_base64="WV6AmRdxVI4rv8xwJ8ftZoLoCNA=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapgp2seuIIjLCvYB7VgyaaYNzTxMMoUyFPwLNy4UcevHuPNvzHQqqOiBC4dz7iUnx404k8qyPozcyura+kZ+s7C1vbO7V9w/aMswFoS2SMhD0XWxpJwFtKWY4rQbCYp9l9OOO7lI/c6UCsnC4EbNIur4eBQwjxGstOT0fazGBPOkO79lg2LJMu26Xa+VUUaqlSWpWcg2rQVKsERzUHzvD0MS+zRQhGMpe7YVKSfBQjHC6bzQjyWNMJngEe1pGmCfSidZhJ6jE60MkRcKPYFCC/X7RYJ9KWe+qzfTkPK3l4p/eb1YeTUnYUEUKxqQ7CEv5kiFKG0ADZmgRPGZJpgIprMiMsYCE6V7KugSvn6K/iftsmlXzPPrs1Lj8j6rIw9HcAynYEMVGnAFTWgBgTt4gCd4NqbGo/FivGarOWNZ4SH8gPH2CcJ+kzI=</latexit>

X i
<latexit sha1_base64="x75qreHotdagTv6a07G6qFj6llQ=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyEp2seuIIjLCvYBTSyTyaQdOnkwMxFKCPRX3LhQxK3f4c6/cdJUUNEDFw7n3MucOW7MqJCm+aGVVlbX1jfKm5Wt7Z3dPX3/oCeihGPSxRGL+MBFgjAakq6kkpFBzAkKXEb67vQy9/v3hAsahbdyFhMnQOOQ+hQjqaSRfmRLyjyS2gGSE4xYOsiyOzrSq6ZhtaxWswYL0qgvSdOElmEuUAVLdEb6u+1FOAlIKDFDQgwtM5ZOirikmJGsYieCxAhP0ZgMFQ1RQISTLuJn8FQpHvQjriaUcKF+v0hRIMQscNVmnlL89nLxL2+YSL/ppDSME0lCXDzkJwzKCOZdQI9ygiWbKYIwpyorxBPEEZaqsYoq4eun8H/SqxlW3bi4Oa+2r+ZFHWVwDE7AGbBAA7TBNeiALsAgBQ/gCTxrc+1Re9Fei9WStqzwEPyA9vYJwMWXGQ==</latexit>

X̃ i

Compute a solution  to  via a complementarity problemx̄ G̃

INPUT A game  described by the separable payoffs  and the actions  G f i(xi; x−i)
<latexit sha1_base64="WV6AmRdxVI4rv8xwJ8ftZoLoCNA=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapgp2seuIIjLCvYB7VgyaaYNzTxMMoUyFPwLNy4UcevHuPNvzHQqqOiBC4dz7iUnx404k8qyPozcyura+kZ+s7C1vbO7V9w/aMswFoS2SMhD0XWxpJwFtKWY4rQbCYp9l9OOO7lI/c6UCsnC4EbNIur4eBQwjxGstOT0fazGBPOkO79lg2LJMu26Xa+VUUaqlSWpWcg2rQVKsERzUHzvD0MS+zRQhGMpe7YVKSfBQjHC6bzQjyWNMJngEe1pGmCfSidZhJ6jE60MkRcKPYFCC/X7RYJ9KWe+qzfTkPK3l4p/eb1YeTUnYUEUKxqQ7CEv5kiFKG0ADZmgRPGZJpgIprMiMsYCE6V7KugSvn6K/iftsmlXzPPrs1Lj8j6rIw9HcAynYEMVGnAFTWgBgTt4gCd4NqbGo/FivGarOWNZ4SH8gPH2CcJ+kzI=</latexit>

X i
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The Challenges
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And some challenges

Existence of 
equilibria

How to select 
approximations

Solving the 
play phase

Equilibria 
Selection
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And some challenges

Existence of 
equilibria

How to select 
approximations

Solving the 
play phase

Equilibria 
Selection

An equilibrium might not exist in a given game .  
How to detect infeasibility?

G
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And some challenges

Existence of 
equilibria

How to select 
approximations

Solving the 
play phase

Equilibria 
Selection

An equilibrium might not exist in an approximation 

  while one exists in the original game  (and vice versa)G̃ G

Outer vs Inner approximations
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And some challenges

Existence of 
equilibria

How to select 
approximations

Solving the 
play phase

Equilibria 
Selection

This phase often involves solving a hard optimization problem,  
e.g., a mixed-integer program, variational inequality or complementarity problem
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And some challenges

Existence of 
equilibria

How to select 
approximations

Solving the 
play phase

Equilibria 
Selection

If multiple equilibria exist, selecting (i.e., optimizing) a specific one is often  
complex from an algorithmic-design perspective
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State-of-the-art

Enumerate Optimize Payoff Types Constraints

Sagratella, 2016 Outer 
Approximation ✅ ❌ Convex payoffs Bounded Convex 

Integer

C. et al., 2022 Inner Approximation ❌ ❌ Separable Payoffs Bounded Mixed-
Integer Linear

Schwarze and Stein, 
2022

Outer 
Approximation ✅ ❌ Quadratic Payoffs Bounded Convex-

Integer

C. et al., 2021 Outer 
Approximation ❌ ❌ Separable Payoffs Polyhedral Convex-

hull

Cronert and Minner, 
2021 Inner Approximation ✅ ❌ Separable Payoffs Bounded Pure-

Integer

D. and 
Scatamacchia, 2023

Outer 
Approximation ✅ ✅ Linearizable Payoffs Bounded Mixed-

Integer Linearizable

<latexit sha1_base64="aAWx0n3ru67c+mLKRzrqbqCbx08=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaRoH7uCIC4r2ge0sUymk3boZBJmJkIJBX/AjQtF3PpF7vwbp00FFT1w4XDOvdx7jx9zprTjfFhLyyura+u5jfzm1vbObmFvv6WiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3w+89t3VCoWiRs9iakX4qFgASNYG+k6uGX9QtGx3Zpbq5ZQRirlBak6yLWdOYqwQKNfeO8NIpKEVGjCsVJd14m1l2KpGeF0mu8lisaYjPGQdg0VOKTKS+enTtGxUQYoiKQpodFc/T6R4lCpSeibzhDrkfrtzcS/vG6ig6qXMhEnmgqSLQoSjnSEZn+jAZOUaD4xBBPJzK2IjLDERJt08iaEr0/R/6RVst2yfXZ1Wqxf3Gdx5OAQjuAEXKhAHS6hAU0gMIQHeIJni1uP1ov1mrUuWYsID+AHrLdP8caOrg==</latexit>

f i <latexit sha1_base64="WV6AmRdxVI4rv8xwJ8ftZoLoCNA=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapgp2seuIIjLCvYB7VgyaaYNzTxMMoUyFPwLNy4UcevHuPNvzHQqqOiBC4dz7iUnx404k8qyPozcyura+kZ+s7C1vbO7V9w/aMswFoS2SMhD0XWxpJwFtKWY4rQbCYp9l9OOO7lI/c6UCsnC4EbNIur4eBQwjxGstOT0fazGBPOkO79lg2LJMu26Xa+VUUaqlSWpWcg2rQVKsERzUHzvD0MS+zRQhGMpe7YVKSfBQjHC6bzQjyWNMJngEe1pGmCfSidZhJ6jE60MkRcKPYFCC/X7RYJ9KWe+qzfTkPK3l4p/eb1YeTUnYUEUKxqQ7CEv5kiFKG0ADZmgRPGZJpgIprMiMsYCE6V7KugSvn6K/iftsmlXzPPrs1Lj8j6rIw9HcAynYEMVGnAFTWgBgTt4gCd4NqbGo/FivGarOWNZ4SH8gPH2CcJ+kzI=</latexit>

X i
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Protecting Critical Infrastructure
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Critical Node Game

🖥 🖥🖥



🏥

🏥

📡

✈

📡

🚔

🏧
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Critical Node Game

An attacker gain access to the network 
at an unknown node (e.g., server)
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Critical Node Game

The network operator decides how to 
protect their network

An attacker gain access to the network 
at an unknown node (e.g., server)
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Critical Node Game

Players act simultaneously

Real-time deployment of protective resources
A-priori security posture assessment

Critical Node Game

Players act sequentially

Multilevel  
Critical Node Problem
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Critical Node Game

Critical Node Game

Multilevel  
Critical Node Problem

Network  
Operator

 ❓Blackbox ❓

Monitoring 
Data

Decisions
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Mathematical Models

Attacker Defender

The attacker has a budget A The defender has a budget D

Attacking  costs  and gives a benefit i ∈ R ca
i pa

i Defending  costs  and gives a benefit i ∈ R cd
i pd

i

The variable  is  if the attacker attacks αi 1 i ∈ R The variable  is  if the defender protects xi 1 i ∈ R
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Mathematical Models

xi αi PayoffD

pd
i

pa
i

ϵpd
i

ηpd
i

(1 − η)pa
i

−γpa
i

0

: opportunity cost of not attackingγ ∈ [0,1]0 0

0 1

1 0

1 1

PayoffA

: degradation with passive mitigationε ∈ [0,1]

: degradation with active mitigationη ∈ [0,1]

δpd
i

: degradation with ongoing attackδ ∈ [0,1]
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Mathematical Models

<latexit sha1_base64="7ELN7MGxx4RzhONEbqbdhAftVTc="></latexit>

max
x

n
fd(x;↵) : d>x  D,x 2 {0, 1}|R|

o

<latexit sha1_base64="mXAvtQKgqeH48Yq36Io+ktHcGw8="></latexit>

max
↵

n
fa(↵;x) : a>↵  A,↵ 2 {0, 1}|R|

o
Critical Node Game

Simultaneous IPG

<latexit sha1_base64="epFzX7aOh2/ocO1Lh1mXWP53RGA="></latexit>

max
x,↵̂

fd(x, ↵̂)

s.t d>x  D,

x 2 {0, 1}|R|,

↵̂ 2 argmax
↵

n
fa(↵;x) : a>↵  A,↵ 2 {0, 1}|R|

o
.

Multilevel  
Critical Node Problem

Bilevel Game
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Metrics

We measure time, and the effectiveness of the defender's strategy 

Price of Security 
 (x̄, ᾱ) =

Best defender’s objective for any outcome

Defender’s objective in (x̄, ᾱ)

https://github.com/ds4dm/ZERO

All the tests and algorithms of this tutorial are implemented in  
our open-source package ZERO
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Results
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Looking Ahead
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Computational 
Economics

Optimization Algorithmic Game 
Theory
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Decision-making is rarely an individual task
Toolbox to model competitive decision-making with mixed-integer optimization

Modeling 
Capabilities

Practical 
Impact

Informative 
Solutions
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There are still (too) many open questions



Some perspectives

63

Applications Deployment of IPGs in new application domains

OptimizationDevelop theoretically-grounded and efficient  
both general and problem-specific algorithms

Fairness
Solutions balancing the decision-makers 
selfishness with societal goals
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